
óÅÒÉÑ 3: ÕÓ×ÏÅÎÉÅ �ÒÏÊÄÅÎÎÏÇÏ.

1. äÏËÁÖÉÔÅ, ÞÔÏ �ÌÏÝÁÄØ �ÁÒÁÌÌÅÌÏÇÒÁÍÍÁ Ó ×ÅÒÛÉÎÁÍÉ (0; 0), (a; b), (; d) É (a+ ; b+ d) ÒÁ×ÎÁ |ad− b|.
2. ðÕÓÔØ a, b, , d { ÔÁËÉÅ �ÅÌÙÅ ÞÉÓÌÁ, ÞÔÏ ÓÉÓÔÅÍÁ ÕÒÁ×ÎÅÎÉÊ ax+ by = m, x+ dy = n �ÒÉ ÌÀÂÙÈ �ÅÌÙÈ m É

n ÉÍÅÅÔ ÒÅÛÅÎÉÅ × �ÅÌÙÈ ÞÉÓÌÁÈ. äÏËÁÖÉÔÅ, ÞÔÏ ad− b = ±1.
3. äÁÎÏ ÂÅÓËÏÎÅÞÎÏ ÍÎÏÇÏ ÎÁÂÏÒÏ× (n
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4. äÏËÁÖÉÔÅ, ÞÔÏ ×ÓÅ ÎÁÔÕÒÁÌØÎÙÅ ÞÉÓÌÁ ÏÔ 1 ÄÏ 2

n

ÍÏÖÎÏ ÔÁË ÒÁÚÂÉÔØ ÎÁ Ä×Å ÇÒÕ�Ù, ÞÔÏ ÓÕÍÍÙ m-È ÓÔÅ�ÅÎÅÊ

ÞÉÓÅÌ × ÇÒÕ��ÁÈ ÒÁ×ÎÙ �ÒÉ ×ÓÅÈ m < n.

5. Á) äÏËÁÖÉÔÅ, ÞÔÏ ËÁÖÄÙÊ ÍÎÏÇÏÞÌÅÎ Ñ×ÌÑÅÔÓÑ ÒÁÚÎÏÓÔÎÙÍ ÍÎÏÇÏÞÌÅÎÏÍ ÎÅËÏÔÏÒÏÇÏ ÄÒÕÇÏÇÏ ÍÎÏÇÏÞÌÅÎÁ.

Â) äÏËÁÖÉÔÅ, ÞÔÏ ÉÚ ÕÓÌÏ×ÉÑ Q(x) = �P (x) ÍÎÏÇÏÞÌÅÎ P (x) Ï�ÒÅÄÅÌÑÅÔÓÑ ÏÄÎÏÚÎÁÞÎÏ Ó ÔÏÞÎÏÓÔØÀ ÄÏ �ÒÉÂÁ×ÌÅ-

ÎÉÑ �ÒÏÉÚ×ÏÌØÎÏÊ ËÏÎÓÔÁÎÔÙ.

6. Á) äÏËÁÖÉÔÅ, ÞÔÏ ÍÎÏÇÏÞÌÅÎ P
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(x) =
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n!

�ÒÉÎÉÍÁÅÔ �ÅÌÙÅ ÚÎÁÞÅÎÉÑ �ÒÉ ×ÓÅÈ �ÅÌÙÈ x.

Â) äÏËÁÖÉÔÅ, ÞÔÏ ÍÎÏÇÏÞÌÅÎ P (x) = 

n

P

n

(x) + 

n−1
P

n−1
(x) + : : : + 

0

P

0
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{ �ÅÌÙÅ ÞÉÓÌÁ,

�ÒÉÎÉÍÁÅÔ �ÅÌÙÅ ÚÎÁÞÅÎÉÑ �ÒÉ ×ÓÅÈ �ÅÌÙÈ x.

×) äÏËÁÖÉÔÅ, ÞÔÏ ×ÓÑËÉÊ ÍÎÏÇÏÞÌÅÎ P (x) ÓÔÅ�ÅÎÉ n, �ÒÉÎÉÍÁÀÝÉÊ �ÅÌÙÅ ÚÎÁÞÅÎÉÑ �ÒÉ ×ÓÅÈ �ÅÌÙÈ x, ÍÏÖÎÏ

�ÒÅÄÓÔÁ×ÉÔØ × ×ÉÄÅ P (x) = 
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{ �ÅÌÙÅ ÞÉÓÌÁ.

Ç) äÏËÁÖÉÔÅ, ÞÔÏ ÍÎÏÇÏÞÌÅÎ P (x) ÓÔÅ�ÅÎÉ n, �ÒÉÎÉÍÁÀÝÉÊ �ÅÌÙÅ ÚÎÁÞÅÎÉÑ �ÒÉ x = 0; 1; : : : ; n, �ÒÉÎÉÍÁÅÔ �ÅÌÙÅ

ÚÎÁÞÅÎÉÑ �ÒÉ ×ÓÅÈ �ÅÌÙÈ x.

Ä) äÏËÁÖÉÔÅ, ÞÔÏ ÍÎÏÇÏÞÌÅÎ P (x) ÓÔÅ�ÅÎÉ n, �ÒÉÎÉÍÁÀÝÉÊ �ÅÌÙÅ ÚÎÁÞÅÎÉÑ × n + 1 �ÏÓÌÅÄÏ×ÁÔÅÌØÎÙÈ �ÅÌÙÈ

ÔÏÞËÁÈ, �ÒÉÎÉÍÁÅÔ �ÅÌÙÅ ÚÎÁÞÅÎÉÑ �ÒÉ ×ÓÅÈ �ÅÌÙÈ x.

7. ÷ ÎÅËÏÔÏÒÏÍ ÇÏÒÏÄÅ ÒÁÚÒÅÛÅÎÙ ÔÏÌØËÏ ÔÒÏÊÎÙÅ ÏÂÍÅÎÙ Ë×ÁÒÔÉÒ (ËÏÇÄÁ ÌÀÄÉ ÉÚ Ë×ÁÒÔÉÒÙ A �ÅÒÅÅÚÖÁÀÔ ×

B, ÉÚ B × C É ÉÚ C × A). íÏÖÎÏ ÌÉ, �ÒÏÉÚ×ÏÄÑ ÔÁËÉÅ ÏÂÍÅÎÙ, × ÒÅÚÕÌØÔÁÔÅ ÏÂÍÅÎÑÔØ Ä×Å Ë×ÁÒÔÉÒÙ, ÏÓÔÁ×É× ×Ï ×ÓÅÈ

ÏÓÔÁÌØÎÙÈ Ë×ÁÒÔÉÒÁÈ ÉÈ �ÒÅÖÎÉÈ ÏÂÉÔÁÔÅÌÅÊ?

8. Á) äÏËÁÖÉÔÅ, ÞÔÏ ËÏÌÉÞÅÓÔ×Ï ÄÅÌÉÔÅÌÅÊ ×ÉÄÁ 4k + 1 Õ ÌÀÂÏÇÏ ÎÁÔÕÒÁÌØÎÏÇÏ ÞÉÓÌÁ ÎÅ ÍÅÎØÛÅ ËÏÌÉÞÅÓÔ×Á

ÄÅÌÉÔÅÌÅÊ ×ÉÄÁ 4k + 3.

Â) äÌÑ ËÁËÉÈ ÎÁÔÕÒÁÌØÎÙÈ ÞÉÓÅÌ ÉÍÅÅÔ ÍÅÓÔÏ ÒÁ×ÅÎÓÔ×Ï?


