Bamaun C.-Perepbyprckoii gerHeit mkossl 2008 1., crapmasa rpymma C
BerynurensHast omumMnuana, 7 asrycra 2008 r.
1. Kakoe HauboJblilee KOMMIECTBO HATYPATBHBIX YHCENT MOKET CTOATH B PAJM, eciin cyMMa JiioOsix 17 dmcesn mompam
geTHa, a J00bIX 18 dmcen moapsAm — HEYETHA 7
2. JokaykuTe, 9TO TpHU JOOBIX BENIECTBEHHBIX &, Y, 2 BBIMOJIHAECTCA HEPABEHCTBO

sinz cosysin z + cosxsinycos z < 1.

3. Touka D — cepemuna croponsl AC' tpeyrompuuka ABC', Touka F nexur wa ctopone BC. Orpesku AF u BD
mepecekatorca B Touke B, u AE = BC'. okawxkwure, uto BF = E'F.

4. Da maxMaTHOW TOCKe CTOAT HECKOJBKO melek. JlokaxmuTe, 94To Halimerca “KpecT”, B KOTOPOM CTOUT HEYETHOE
gucyo neniek. (KpectoM MBI HasbiBaeM obbeINHEHIE BEPTHKAIN I TOPH3OHTAJIN. )

5. B ctpame 2008 ropomos. Kaxmpiii Topod cBA3aH aBUAJUHUAMHA ¢ HEKOTOPBIMU IPYTUMH, MPUIeM 1A KaXKIOTO
ropojia YNcJI0 HCXOAANNX W3 HETO aBUaHHui ecTh cTenenb aBofiku (1, 2, 4, 8, ...). A KamI0ro ropojia CTaTHCTHK MO/
CYNTAJT KOJIMIECTBO MAPIIPYTOB U3 3TOTO TOPOa B IPYTHE ropoia, MMEINX He OoJbile oaHol nepecanku. lokaxmuTe,
9TO CYMMa BCEX MOJIyYeHHBIX duces He MoxkeT 6Tk paBHa 2000000.

BreiBomHbIE 3amadu

6. OxpyzZKHOCTL mpoxoauT depes BepiimHbl A m C' ocTpoyrosabHoro Tpeyroabunka ABC m mepecekaeT cTOPOHBI
AB un BC B toukax D u F. Toukn D nu F; cuMMeTpudHBI ToukaM [) B F COOTBETCTBEHHO OTHOCHTEIHLHO OCHOBAHIII
BBICOTHI TPEYTOJbHUKA, OMylleHHO# Ha cTopory AC. Dpaubie CD| nu AF;| mepecekaiorca B Touke K. [lokaxuTe, ITO
LAKC = LZABC.

7. DaijinuTe Bee IApBl IPOCTBHIX YUCET P U ¢ Takue, 9To p° — p+ 1 = ¢°.

8. Da octpoBe KuBYT 90 primapeii n 10 HOpMaJIbLHBIX JTIOHeH. DBIapH BCETIa TOBOPAT MPaBAy, a HOpMaJIbHBIE JIFOIN
MOTYT TOBOPHUTH KakK MPaBAy, TaK 1 JIOXKb. Da3pellacTcsa BHOpaTh JTI060e MHOKECTBO KHUTEIEH 0CTpoBa B CIIPOCHTD JIFOHO-
ro abopureHa, eCTh JII B 9TOM MHOKECTBE HOpMaJibHbBIE Joan. JokaknTe, 910 3a 10 BOIPOCOB MOXKHO rapaHTHPOBAHHO
HallTH XOTsA 6B OTHOTO PHITAPA.

Cepus 1(c¢). Pynem nocunrarn!

1. DasHocTh mectusnadnbix aucesn abedef u fdebea menurca wa 271. Hokawxwure, uto b=d u ¢ = e.

2. DaiimuTe HamMeHbITee 3HaUene Bhipazkenua a) |9% — 5!|, 6) [11% — 5|, B) |36% — 5!| npwm marypambawx k u [.

3. Hokaxure, 970 A4 JOOBX HATYypaabHbIX © u y uncyao DO (x + y, xy) — D0/ (z, y) gerHo.

4. Jl7si HEKOTOPBIX HATYPAJIBbHBIX ¢ W b 9HCIIO % + b‘l’Tl — nestoe. JTokamxure, 910 (a,b) < Va+ b.

5. B tpeyrombauke ABC yron B pasen 60°, 6uccektpucst AD u C'E nepecekarorcsa B Touke [. Ilokaxwure, 910
ID=1IF.

6. Croponbl u guaronasu HH-yrosbHUKa packpaiieHsl B 54 mBeta. MozkeT ju 6BITH Tak, 9TO U3 KaXKI0 BEPITHHBI
BBIXOIAT pebpa Bcex MBEeTOB?

7. DemmnTe B HATYpAJLHBIX UHCIAX ypaBHeHme £° + 3> 4+ 1 = 3zy.

8. HokaKuTe, 9TO NPH PA3HBIX HATYPAJBHBIX m 1 n uncaa 2™ u 2" uMeror pasindable Habopwl mudp (¢ yaeTom
KPaTHOCTH).

9. MoxHo /i u3 Habopa rupb 3%, ..., 3" BBEOpaTh ABa HabOpa OIUHAKOBOTO Beca?

Cepust 2. Bce na mouncku kiaamalll

1. JokaxuTe, 970 ypaBHeHHe & + 3> = 2° mMeeT HeCKOHETHO MHOTO PellleHmit B IMeJBIX THCIaX.

2. Hoxkaxwute, uro ecau npameie AA;, BBy, C'Cy nepecekaiorcs B Touke K BHYTPH TPEYTOJIBHUKA, TO BHITOJIHAIOTC A
paBeHCTBA: a) 51’211 + ggll + Iégll =1; 6) f—fl + g—gl + gccl =2

3. Topona ctpaHnbl coeuHenbl aBua uauAMu. M3 crosunsl BeixoauT 21 aunua, us ropoga lanbHuit — onna, a us
KazKJIOT0 W3 OCTAJIbHBIX TOPOIOB — II0 JBEHAINATH aBHaInHuil. JlokaxknuTe, 9TO U3 CTOJUIIH MOYKHO JOJETETH IO TOPOIA
HanbHuit (BO3MOKHO, ¢ TlepecagKaMu).

4. NHcTpyKIma Mo OTBICKAHUIO KJafa miacutT: ~ Iia Toro, 9Tobel HaliTH KJal, HYKHO CTaTh mon Gepesoli Juimom
K TpAMOll JIuHUY, coequHAIONER Iy0 U COCHY. Dpu 3TOM Iy6 JOJIKEH OKa3aThCd CIpaBa, a COCHA CJIEBA. 3aTeM HYKHO

mofitu K myOy, cumrasn maru. Hoiiga mo ayba, moBepHYTH MO MPAMBIM YTJIOM HAIPABO W MPOWTH CTOJBKO XK€ IIArOB,
CKOJIBKO OBLITO mpoiifeHo oT Gepeswl 1o ayba. B 3ToM MecTe 0CTaHOBUTHCHA M IOCTABUTE BENIKY. 3aTEM CJIEIYET BEPHY THCA
K Oepese u MONTH OT Hee K CoCHe, cumrad maru. Jofina 1o cOCHBI, MOBEPHYTH MO MPAMBIM yIVIOM HAJIEBO U TpOilTH
CTOJIBKO JK€ IIAroB, CKOJIBKO OBIIO MpOiiIeHo OT Hepesnl 10 COCHBI. B »TOM MecTe OCTAHOBUTBHCA M IMOCTABUTH BEIIKY.
Kran sapeIT TOYHO mocpenwHe MeXAy Bellkamu.” DpHOBIB Ha MECTO, KJIAaJOUCKaTelb ODHADYKII, 9TO IyD W COCHA
HAJUIO, a OT Oepeskbl He OCTaJIoCh U ciena. Kak Haiitu kimam?

5. Daiinure Bce HaTypasbHBle dncia, MeHblne 300, y KOTOpsIX poBHO 15 menmresneii.

6. Teopema Menemnasi. Touku Ay, By, C| pacrnoiokeHpl Ha CTOpOHax Tpeyroibanka ABC winm Ha WX TPOIOIKe-
AB; CA| BC| _ _,
B,CA,B i A

7. Da okpyxHOCTH cToAT 10 mMempIx duces, cyMMa KOTOPBIX paBHa 1. CKOJIBKO ecTh MATEPOK YHCEN MOAPAI, CYMMa
KOTOPBIX Gombiire 07

8. B cTpoky BeRmmcano 10 HaTypaJdbHBIX YHCes], HU OMHO W3 KOTOPHIX He AenuTcda Ha 10. JlokaKuTe, 9TO W3 HUX
MOZKHO BBIOPATh HECKOJIBKO CTOAIIMX PAIOM, CyMMa KOTOPBIX Aeautcsa Ha 10.

HUAX. ,ZLOK&}KI/ITG, 9TO OHW Jie¥KaT Ha OOHO HpﬂMOﬁ TOTJa W TOJIBKO TOrda, Korga



9. Iokaxure, ato B Tpeyroabuuke ABC uwepmansi AA;, BB,C' () meecekaioTcs B OOHOI TOYKE TOTMA W TOJBKO
sin LZACC,  sinZCBB; sinZBAA; __
TOTAA, KOTAA GuZBEey * §in ZABB, *sin ZCAA: — |

Cepust 3. Jlobu moment!

1. a) BeiBenure KOHEUHYIO GOPMYJIY A CYMMBI TIEPBIX N KBaAPaTOB HaTypanbHBIX udncerd. 6) Hokamure, 4T
PB4+224+ . 4+nd=(14+2+...+n)%

2. Ppsamas Cumcona. Ecinm us kakoii-mmbo TOUKEM OKPYKHOCTH OMYIIEHBI MEPIEHINKYIAPH HA BCE CTOPOHBI
BIIMCAHHOTO B He& TPEYTOJMbHUKA (MM HA WX TMPOJOJMKEHNA), TO OCHOBAHNA STHX NEPIEHIUKYILAPOB JI€KaT Ha OIHOMN
HpAMOIL.

3. Buayrpm tpeyrombauka ABC' orMermnm TOUKY Z W TPOBEJH Yepe3s HeE U BEPIIUHBI TPEYTOJIBHUKA MPAMBIE,
mepecekaolne CTOPOHBI B Toukax Aq, By, C1 coorBerctBenno. Torma npameie AAy, BBs, C'Cy, cHMMeTpUIHBIE MPAMBIM
AA,, BBy, C(C orHOCHTENBHO 6UCCEKTPUC COOTBETCTBYIOIINX YIVIOB TPEYTOJIBHUKA, MEPECEKAIOTCA B OIHON TOUKE.

4. HokaxmuTe, 9TO cpeqHee apuPMETHIECKOE HECKOIBKNAX TPOJIOKUTENBHBIX 9HUCEN A1, A3, ..., Ay HE TPEBOCXOINT
wyait ta2

UX CPEIHEro KBagpaTHdeCcKoro: a1+a2:“+a" < —

5. Hokaxkmure, ato cymma nudp gnciaa 19817 we menbire 19.

6. Hokamure TOKIECTBO Fyyn = Fro1Fm + FpFimg1 (Fy — k-oe ancino @ubonadudn).

7. B ropoge ¢ mo6ofi cTaHIIT MeTPO MOYKHO IMPOeXaTh (BO3MOKHO, ¢ llepecaikaMu) Ha Jobyio apyryio. Tokaxnte,
YTO MOYKHO 3aKPBITh OJHY CTaHINO (03 TpaBa Npoe3fa depes Hee) Tak, YTOOBI ¢ JI000H U3 0CTABIINXCA CTAHINH MOKHO
OBLTIO TpoexaTh Ha J0YIO APyTyIo.

8. DycTh p1, P2, P3 — KBAIpaTHBIE TPEXUJIEHB C MOJOKUTEIBHBIME cTapiimMu Koaddurumentamu. [lokaxkure, 910
ecsii KajyKJble JIBa M3 HUX MMEIOT obIuii KOpeHb, TO KBAaJAPATHBIN TpEXUeH pi + Pz + P3 UMEET KOPEHb.

9. DocrpoiiTe MUPKyJIeM U JUHENRKONW Ha IJIIOCKOCTH TaKylo TOUYKY S, YTOOBI CyMMa KBAIpaTOB €& pacCTOAHWN 0
BEPIIMH MHOTOYTOJIbHIKa A1 As ... A, Obla HamMeHbIIEH.

10. Ian tpeyromasauk ABC'. Dycts O — Touka mepecedenus ero menuad, a M, N u P — rtouku cropou AB, BC
u C'A, nensime T CTOPOHB B OMMHAKOBBIX oTHOUIeHNAX (T.e. AM : MB = BN : NC =CP: PA=p:q). Jokaxure,
a0 () — TOYKa IepeceveHnsa MeInaH TPeyTroJbHUKa, obpasoBanuoro mpameivu AN, BP u C'M.

Cepust 4. CouasiHKA.

1. Hoxaxute, uTO %+%—|—%+~~—|—2% > 5.

2. lokazKuTe, 9T0 TPOU3BEAeHNE TIOOBIX k MOApsA UAYIIMX HATYPAJbHBIX YUCes AeJuTCs Ha k.

3. B rpade us 2n sepmmu n? 4 1 pebpo. JoKaKuTe, ITO ecTh TPH BEPIIHHEI, IOMAPHO COoeANHEHHEIE pebpoM.

4. Tourka X pacnogoxena BHyTpu mapaJjienorpamma ABCD. dokaxmure, 970 Saapx + Sacpx = Sapex +
Saapx.

5. B tpeyroasuuke ABC npoenenn Beicotsl BBy u C'Ch. Hokaxute, uro B1Ch, L OA, tne O — 1neHTp onucanHoi
OoKpyKHOCTH Tpeyrosbauka ABC.

6. Mamnasa reopema [Hesapra. Dycts B AABC Buucan AAy By Cy tak, aro Ay jexwut na npsamoit BC, By — Ha
npamoit CA u (1 nexur na AB; nycts npamsie AA;, BBy, C'(C, nepecekarorcsa B Touke S. Ecuam kamaa w3 Tpéx map
npameix AB u A1 By, BC u B1Cy, CA u C] A; niepecekaercs, TO 3TH TPU TOUKH TEPECEUEHNA JIEXKAT HA OTHON MPAMOI.

Omupenenenne. ['pad nHasbBaeTcsa JdeydoabHbiM, eClu €ro BEPUIMHBI MOYKHO PasbOUTH Ha JABa MHOKECTBA TAKUM
obpazoMm, 4To Kaxkaoe pebpo HYIeT COeMUHATEH BEPIIUHBI U3 PA3HBIX MHOYKECTB.

7. a) Hokaxure, 9T0 B ABYAOJBHOM Tpade BCe TUKJIB HMEOT YETHYIO JJIHHY.

6) B rpade Bce MUKIBI UMEIOT YETHYTO IIHHY. JToKkanTe, 9To rpad IBYAONBHEII.

8. Da uyemnuonare mo byTboy Kaxkmad KOMaHIa ChICpaJa ¢ KaXKIoW POBHO ONWH pa3, MPUIEM HUYBUX HE OBLIO.
Do mpaBmJiaM 3TOro YeMIIMOHATa, Ka)Kaoih Komanme X Bpydajcda MPHU3 NPH YCJIOBUH, 4TO Ijid 060l KoMaHIsl Y,
onmepxkagiieil Hax X 1mobemy, cylecTBOBaa KOMaHIa /, obbpIrpaBirad Y, HO mpourpasiiad X . Yo uroraM TYpPHEDA, IPH3
MOJyYHNa POBHO ONHA KOMaHIa. JoKakuTe, 9T0 OHA BHIUTPAJIA BCE MATUM.

9. JTokasKuTe, 9TO KOOPAMHATH TOUKM 7 — W3OTOHAJBHOTO 06pasa TOUYKN J(p,q,7) — BBIPAKAOTCH CIAECTYIONNM
2 2 2 a2 a2 a2
. _(a® b ) _ (sin®a sin®B sin“vy
o6pa30M.Zl_(p,q,r)_(p T Ty )
10. HokaxwuTe, 9TO AJifA JIOOBIX BEMIECTBEHHBIX YHUCEN A1, A2, ..., dn W b1, b, ... b, BHINOSHAETCA HEPABEHCTBO

(arby 4+ asbo 4 ...+ anby)? < (af + a4 .. 4 a2)(b? + b2+ ... +b2).

Cepust 5. B nmonckax ImpuKJIIOIeHAI.
1. Touku, cCOOTBETCTBYIOIINE KOMIIIEKCHBIM YUCTIAM 21, 22, ..., Zp JI€KAT B BEPIIMHAX BBIMTYKJOTO N-YTOJBHUKA.

HoKaXKnTe, ITO eCJIM CBA3AHBI COOTHOIIIEHTEM le_c + 221_6 +...+3 1_c = 0, To TOUKA ¢ JIEKUT BHYTPH 3TOTO N-YTOJIBHUKA.
n

3. 2a+ 3b+ 6¢c = 0. JlokaxnuTe, 9To ypasHenue ar’ + bx + ¢ nmeeT Kopenb Ha orpeske [0, 1].

4. WaCTpyKIusa MO OTHICKAHWIO Kjamga riacutT: ~[ljms Toro, 4Tobbl HallTh Kial, HYZKHO BCTATh IMOM TMaJIbMOM
HOMEpPOM |, JIUIOM K TajbMe ¢ HOMEDPOM 2. 3aTeM HYIKHO MPOHTH POBHO MOJOBUHY PACCTOAHUA IO MAIBMBI C HOMEPOM 2
U TIOBEPHYTHCH JIUIOM K TTaJibMe ¢ HOMepOM 3. 3aTeM HyIKHO MPOfiTH POBHO TPETH PACCTOAHWA IO MAJTBMBI ¢ HOMEPOM 3
U TIOBEPHYTHCA JIMIOM K TaJibMe ¢ HoMepoM 4, 1 Tak Jajee. Da k-oM sTalle HyKHO mpolitu posHo 1/(k + 1) paccroanns
JIO MTAJIBMBI ¢ HOMepOM k + | W TIOBEPHYTHCA JIUIOM K TAJbME ¢ HOMEPOM k. Da TMOCTeqHEM 3Talle HYKHO TPOUTH POBHO
1/2008 paccrosinus no naabmbl ¢ Homepom 2008. Eciu Bce ciesiaHo MpaBUIIBHO, TO Ha [VIyOHHE IBYX METPOB TOYHO MO
Tobol bymeT Kram.”

D pubBIB HAa MECTO, KJIAJOUCKaTe b OOHAPY KU, 9T0 Ha Beex 2002 majgbpMax cTepJIMCh HOMepa. 3a KaKoe HauMeHbIlee
YUCJIO TOMBITOK OH 3aBEIOMO HailmeT Kiam?



5. Debpa mosmoro rpada u3 30 BepumH packpaiierbl B 14 1mBeToB. JlokamuTe, UTO CYUIECTBYET NMHUKJI u3 pebep
OITHOTO TIBETA.

6. Hokaxwute, uTo KBamgpaT 6 X 6 — “HEMpPOYHBIN | T.€. 9TO €CJIM HTOT KBAAPAT CJIOKUTH U3 MPAMOYTOIBHIKOB 1 X 2,
TO HallleTcs He MepeceKamlad TPAMOYTOJIBHAKOB TpAMasi, pasduBaioimas KBaapaT Ha 2 JacTH.

7. Da cTopoHaX TPeYroJbHUKA BHEIIHAM 00DPa30M MOCTPOEHBI MPABUIIBHBIE TPEYTOIBHUKH. JlOKAKUTE C MOMOIIBIO
KOMIIJIEKCHBIX 9HCEST, YTO WX MEHTPH 06pas3yioT IPaBUIbHBIA TPEYTOJIbHUK.

8. Teopema Crroapra. B tpeyronsauke ABC' nposenena desmana ('Cy. [lokaxkure, 9T0

1B C1A
2 f— . 2 . 2 — .
cC; = 1B CA® + 1B CB* - C1A-C1B.
9. Dyers f(r) = x? — 2. HNokaxwure, uto y muorousena f(f(...(f(z))...)) ecTb 2" pasiaUYHBIX BelIECTBEHHBIX
—_——
n pas

KOpHEH.
10. P(z) u Q(x) — MHOrouseHbl ¢ feficTBuTe bHBIME Koadbdumentamu. UspecTHo, uro Muorousen P(x3) 4+ 2 Q(x?)
nenutes Ha 2 — 1. [Tokaxute, uto P(z) u Q(x) oba nensrcs na r — 1.
11. HoxaxuTe, 910 ecan quciao a = 2°% + 2% 4+ 1 He ABAAeTCA HeIMTEsEM HYHCIA 22" 41 _ 1, To @ — cocTaBHOe.
Cepust 6. MHOTO4YJIEHHASI.
1. lokazknTe, 9TO IIPH NW30TOMHYECKOM CONPAKEHNN OTHOCUTEIBLHO JAHHOTO TPeyToJbHIKa 00pa3bl ero OpTOIEeHTPa
W IeHTpa BIIMCAHHOI OKPYZKHOCTH MOMAZAIOT Ha MpAMYIO, COeIMHAIONIYI0 Toukn Darenda n zKeprorna.

2. P(x) — mHorouseH ¢ nensiMu Koadpdunnenramu, |P(3)| = |P(7)| = 1. Hokaxkmure, aro P(x) He WMeeT HeBIX
KOpHEH.

3. Kaxkmgoe W3 meJBIX 9WCEN g, dq, . .., d2005 He MeHbIle (—1) u He Bce pasHbl 0, mpnueMm ag + 2a; + 4as + ... +
220054005 = 0. JokaxuTe, 410 @g + a1 + ...+ aaggs > 0.

4. a) Bce TOUKE MJIOCKOCTH PAacKpallleHbl B IBa IBeTa: KpacHBIl u 3enénbiit. JokazknTe, 9To HalmyTCA IBE TOYKH
OJIHOTO TBeTa Ha paccToAHuu | MeTp. 6) JlokaxkuTe, 9T0 HafiIETCA pABHOCTOPOHHHUN TPEYTOIBHHUK ¢ BEPIIN HAMHI OTHOTO
[BeTa. B) DeKOTOpBle TOUKW TMepeKpaciin B 9épHeiil. [JoKaKnuTe, 9To Mo-MpeKHEMY HARIYTCA IBe TOUKH OIHOTO TIBETA
Ha paccTogHUE 1 MeTp.

5. Jlanbl qBa TpaBHIBHBIX TATHYTOABHNKA Ay As Az Ay As m Ay By B3 By Bs (BeplImHbBI yKa3aHbBIL IO 9aCOBOR CTPETIKE).
Hoxkazxute, ato npambie AsBs, AzBs, A4By n As By mepecekaioTcsa B OTHON TOUKeE.

6. DycTh n — HATYpaJbHOE YUCIIO, & P — IPOCToe, bosbiee NByX. lokaxmuTe, 9T0 MHOTOUIIEH £ + 2P mpuBoauM HaL
7, Toria W TOJIBKO TOTIA, KOTIa n JeJUTCA HA .

7. HokaxkwuTe, 9T0O €cJu IBa KyODUIECKHX MHOTOYJIEHA C METBIME KOs(MDUIHEHTAME TMEOT OOIINI HPPaNOHATBHBIH
KODEHbB, TO OHW UMEIOT €llle ONH OOIINii KOPEHb.

8. IokasKuTe, 4TO ec/m @, b, ¢ — CTOPOHBI TpeyrodbhuKa, To a>b + b3c + ca > a?b? + b%c? + c?a?.

9. Hokamute, 9To AJA JIOOBIX N U M CYWIECTBYET TAaKOH HeMpUBOANMBIH MHOTOWIEH P(x) cTeleHn n ¢ MeabIMu
KoaddurmenTamu, 9To a060i Apyroft MHOTOUIEH QQ(2) ¢ HenbiMu KoadbdunneHTaMn, KaXK AN 13 KOTOPBIX OTIHIAETCH
OT COOTBETCTBYIOIIETO KoadduiimenTa MHOTOUIeHa P(2) He 6ojlee 4eM Ha m, TakiKe OymeT HempuBoanMbIM. (Mmo-
roYJieH Ha3BIBAETCA HEIMPUBOANMBIM, €CJIM OH HE MPENCTABIAETCA B BUIE MPOM3BENEHUA IBYX MHOTOYIEHOB C IETBIMI
KOs DHImERTaMI MEHBIIEN CTENeHN. )

Cepus 7, moackKasaTejibHO-TIOKA3aTeJIbHASL.

1. a) Horamure crenyoumii kpumeputdt Iizenwmeting HEMPUBOAUMOCTI MHOTOWIEHOB: MHOTOUJIEH ¢ IEJIBIME KO-
sbpunmentamu f(z) = 2" + ap_12" 71 + ...+ a1z + ag, y KoToporo KoabdUIMEHTH ag, A1, A2, ..., ¢, JJATCA HA
IpoCToe THCIO P, & CBOOONHEI! WiIeH ag He NeJUTCA Ha p’, HeIPUBOIUM Hal Z.

6) Hokaxure KHTAHCKYIO TeopeMy 06 ocTarkKax: MyCcThb My, Mo, . .., My — HOMAPHO B3AUMHO HPOCTHIE HATY-
panbHBle Yucia. JlokaKuTe, 9TO mJid JIIOOBIX MENBIX 1, T2, . .., Iy CYINIECTBYET HATYypaJibHOEe X | TaKoe, 9TO JJIA JH0ro
1<i<n X =r (modmy).

2. JMokaxuTe, 970 MHOTOWIEH p() ¢ HeMBIME KO3 OUIMEHTAMH, KOTOPHI MPH TPeX PasinYHBIX 3HAYEHUAX &
MPUHUMAET 3HadeHue |, He MOXKeT UMEeTh HU OJIHOTO IEJIOrO KOPHA.

3. Hepes Ttouku A uw B mpoBeneHBI TPH OKPYKHOCTH S, S92, 53. OkpyxkHOCTH S U Sy Kacaircd S, a OKPYZKHOCTD
Ss mepnenaukyiaapHa S. JokaxuTe, 9T0 yros Mexay Sz U S] paBeH yriiy Mexay Ss u Ss.

4. Da okpyxuocTu umeerca 21 Touka. [loxazurTe, 94TO cpeau Oyr, MMEKNIMX KOHIAMHU 3TH TOYKW, HalimeTcd He
Menbine 100 Takux, yrioBad Mepa KOTOPBIX He mpeBbimaeT 120°.

5. JokaskuTe, 9T ecau duciaa m,n € N yIoBIeTBOPAIOT HEPABEHCTBY \/7T — m/n >0, 10 VT — m/n > 1/mn.

Oupenenenne. DellleHNEM CDAaBHEHUA IO MOJYJIIO HA3BIBAETCA BBIUET, YAOBIETBOPAIONIAN JTAHHOMY CPaBHEHMUIO.

6. a) Demnre cpasrenne: 62 =1 (mod 11) 6) CrosbKO penteHnit MOKeT HUMETh cpaBHeHne ar = ¢ (mod m), rae
m He 06A3aTeNHLHO TPoCcToe?

B) (Teopema Buavcona) Hokaxute, ato (p — 1)1 = —1 (mod p) Torma u ToaBKO TOTHA, KOTIA p— HPOCTOE THCIIO.

7. DaiiauTe 0cTATOK OT HeaeHnsa MHOTOUTeHa 2 988 — 1987 4 1702 _ 0811 4 7y o2 4 g — 9,

8. JloKasKUTe, ITO eCJIH MHOTOWIEHB! ¢ MedBIMH KoadbduimenTaMu 22 4+ p1z + ¢y I &2 4 pox + g2 IMeoT obumil He
IeJTBI KOPEHB, TO P1 = P2 U 41 = ¢s.

9. HokaxwuTe, ITO BCe MPOCTHIe HesuTesnn wuciaa Mepcenna M, = 2F — 1 (p — mpoctoe) umerot Bun 2kp + 1 ¢
HEKOTOPBIM HATYPAJBHBIM k.



10. 9Ypomonxenusa cropon AB um CD Beinykjoro dersipexyrosabauka ABCD mepecekarorca B Touke P, a mpo-
nonxenna cropodn BC' uw AD — B Touke (). [lokaxkmre, 9TO ecqm KaxKIAad W3 TPeX map OMCCEKTPHUC: BHENTHUX YIVIOB
JeThIPEXyTOIbHUKA TpK Bepiinaax A u (', BHEIIHUX yIVIOB TpH BepuimHax B u D, a TakyKe BHENIHUX YIJVIOB TPH Bep-
mmHax @@ u P (tpeyronapankos QAB u PBC' cOOTBETCTBEHHO) NMEET TOUKY HEPECEUeHNA, TO 3TN TPH TOYKH J€KAT Ha
OJTHOI HpAMOIL.

Cepust 8. Pecunraemast.

1. Croponml TpeyrosbHUKa BHAHBI w3 Toukm () mon paBHBIME yriamu. Jloxkazkwre, dato mia Joboli Toukm M,
nexaielt BuyTpu Tpeyronpinka ABC OA+ OB+ 0C < MA+ MB+ MC.

2. JloKasKuTe, IT0 cyMMa KyboB Tpex KopHeil ypaBHenud x> + px + ¢ = 0 ¢ IenbME K03 UIHEHTAME ecTh IeJoe
YUCITO, JeNdAleecd Ha 3.

3. a, b, ¢, d, e — pasnuunble TeficTBUTENbHBIE Yncia. JoKaxkuTe, 9TO MPHU BCEX €, OTIIMYHBIX OT &, b, ¢, d

(e —a)(e—1b)(e—c) (e—a)le—b)le—d) (e—a)le—c)(e—d) (e—b)e—c)(e—d) B
@=—ad—bd—0  c—a—bc—d  G-ab-cb-d  @-Da-oa—d

4. Omnpenesienne: o — BHIYET 10 MPOCTOMY MOIYJIIO p — ABAACTCA KopHeM modp MHorowsena f(z) ¢ membMu
koaddurmenramu, ecan f(a) =0  (mod p).

B sToil 3a0a49e p — IpocToe YUC/I0, BCe CpaBHEHNA /14 MHOro4IeHos mod p — dpopMasbHBIE, TO €CTh ABa MHOTOYICHA,
CpaBHHMBI MOodp, eCM CpaBHAMBI NX K03 hUIIeHTE TP KakKI0i CTeneHn .

a) JTokaskure, 9T0 ecyum « — KopeHb MHOTowIeHa f(z) (mod p), To f(z) = (v — a)g(x) (mod p) nnsa HeKOTO-
poro muOrowIeHa ¢(2) ¢ menbiMu Koabdummentamu. 6) JoKaKuTe, 9TO €CIU a1, Qva, . . ., O - KOPHA MHOrodseHa f(x)
(mod p), To f(x) = (# — a1)(x — az) ... (# — ag)g(x) (mod p) nsa HeKoTOpOTO MHOTOUEHA ¢(#) ¢ TeabIMu Koadbdu-
muenTamMu. B) JJoKasKnTe, 9T0 MHOTOUJIEH cTeleHn n > 0 MoiKeT uMeTh He Gojiee n KopHeii modp. 1) Hokamute, 470
Pt —1=(z—-1)(x—2)...(z—(p—1)) (mod p). n) BeiBenure U3 yTBepKIeHUs MyHKTa T') TeopeMy Busbcona.

5. Daitmure smakouepemyiomyioca cymmy a) C) — CL 4+ C2 — . 4 (=1)" 72002 4 (=)~ 1Cn=1 + (=1)"Cn.
6) Hokaxunre TOXKIECTBO 02—1 + C’Tll_2 + C’TZL_3 +...+ C'[[T(f;g]l)/z] = F,, toe I,, — n-e anciao Pubonaq4Im.

6. OxpyxuOCTH ¢ IeaTpoM O, BnucanHas B TpeyroabHuk ABC'| kacaercsa ctopon AC, AB u BC' B Toukax K, M
u N coorBeTcTBeHHO. Menmana BB, Tpeyrosbauka nepecekaer M N B Touke D. [lokaxkmure, uto Toura O JeXKUT HA
npamoit DK.

7. Jlokaxure, 910 Bee mpocThie meantenu dncesn Pepma 22 + 1 umetor Bug 27Tk 4+ 1 ¢ HEKOTOPBIM HATYPATBLHBIM
k.

8. B crpane 1000 ropomos, HEKOTOPBIE AP TOPOIOB COEMMHEHB JoporaMu. (JKa3aoch, 9TO OINH W3 KOHITOB JI000H
JIOPOTH ABJIAETCH TOPOIOM, U3 KOTOPOTro BeIxoauT He Gostee 10 mopor. Kakoe ranbosbiiiee KOIUIECTBO JOPOT MOKET OBITH
B ®T0i cTpamne?

9. Ecam okpyKHOCTH BIHCAHA B CETMEHT W KacaeTcda Oyrm B Touke A, a xopmet BC' — B Touke Ao, TO mpamas
A1 Ay aBnsaercsa 6buccekTpucoit yrma BAC.

10. Dycres AB — nyra okpyxkHOCTH U Touka (' — cepenuua AOMoTHUTEeNbHON qyru. OKpPYIKHOCTH Wi U Wy BIMCAHBI B
JIBYYTOJBHUK, obpasoBanHbiii nyroit AB u xopmoit AB, n KacatoTca BHEITHUM 06pa3oM. D POBEIEM Yepe3 TOYKY KACAHUA
OKPYIKHOCTEl wy U ws WX OOIIYIO KacaTeabHyoo a. JlokaxuTe, 9T0 mNpAMad a TPOXOAUT depes Touky C'.

Cepusi 9. Teopema Ppuaninona.

1. lokaxuTe, 970 9UCIATENb Apodn * = 14 % + % +...+ ﬁ a) NEJNTCA Ha p IPH MIPpocToM p > 2, 6) (Teopema
Bosberenxonbma, 1862) nenntes Ha p? mpu mpocToMm p > 3.

2. a) DalinuTe NEHTP TOMOTETHN, TEPEBOAANIE TPEYTOIBHIK B €10 CEPENNHHBIH TPEYTONbHUK.

6) (9pamas Diimepa) IJokaxknTe, 9T0 TOUKa MepPeCEUeHNA MEINAH TPEYTONbHIKA JIEKUT Ha OfHOM mpaMoil ¢ opTo-
MEHTPOM ¥ IIEHTPOM ONMUCAHHOW OKPYKHOCTH. B KaKOM OTHOIIEHWH OHA JEJUT COEMUHAONINNA X OTPE3OK?

3. Daitmure cymmy: a) CO+C3+CE+. . +CF 4. 5 6) CrHCAHCT+. . +CHRH 4 8) C2HC2HC8 4. HC3F+24

4. a) Yasusle otpeskn AB u C'D kacaiorcsa okpyxkHOcTH S B Toukax A m D. JIokaxKuTe, 9TO CYUECTBYET OKPY K-
HOCTb, Kacaoladca 3THX OTPe3KoB B Toukax B u C. 6) S1,S2, S3 — Tpu OKPYKHOCTH, MEHTPHl KOTOPHIX He JIeKaT Ha
onuoit mpamoii. okaxwuTe, 9TO TpHW paaWKaIbHBIE OCH Tap OKpPYyIKHOCTEel S m Sp, Sy m S3, S3 m S mepeckaioTca B
onmofl Toure. B) Jokamure Teopemy PpuaHIIOHa: nuaroHa nm OMNCAHHOTO MIECTHYTONBHUKA MEPECEKAIOTCA B OIHOM
TOYKE.

5. B tpeyrombanke ABC cymma paccrosumit or Touku Toppudesin 1o BeplUIinH paBHA \/(124'62# + 2\/35, roe S
— TJTOIAIb 3TOTO TPEYTOJIBHUKA U &, b, ¢ — IJIMHBI COOTBETCTBYIOIINX CTOPOH.

6. Ya muaronamu AC nmcamuOoro YeThipexyrombruka ABC'D B3ara Touka L takas, uto AB = AL. Da nyge DC
B3ATa Touka F' Takas, utro DB = DF. Touka F cummerpudna B otHocutenbuo AD. Hokaxurte, 9aro Touknm F, L u F
JeKaT Ha OJHOI nmpAMOil.

7. IlokaxwuTe, 9T0 MpH JIOOOM HATYPATILHOM N K JIOOOMY JEJTUTENIO n!, OTIUIHOMY OT caMoTo n!, MOKHO TpubaBUThH
Takoit mesuTesib n!, 4To cymma cHoBa GymeT mesuresieM nl.

8. Ilpa cyMacIIeIlmX reoMeTpa Mo O9epeqn OTMEYA0T TOYKH HA IIJIOCKOCTH, TPUYEM MOCJE KAaXKIOTO XOaa Jbbe
TPU OTMEUYEHHBIE TOYKH JOJIKHBI 0OPA30BHIBATH TPEYTOJIBHUK IJIONAIBI0 He MeHbIine | u He H6ospire 1000. D pourpeiBaer
TOT, KTO HE MOJKET CIeTaTh xoia. KTo u3 reoMeTpoB mMMeeT BRIUTPHIIIHYIO CTPATETHIO?

9. okaykmuTe TOKAESCTBO MPH JOOOM HEETIOM &:

o Cl
?_x—i—l

cy n!
r+n  zx+)(z+2).. . (z+n)

4 (=)n




Cepusi 10. PoBTopenne — mMaThb y4YeHbsI.
1. Dycrb p, ¢ — npocthie yucaa, ¢ > 5. JTokaxure, 4to ecau ¢ | 2P + 3P 10 ¢ > p.
2. Buyrpm mamnoro tpeyronbuuka ABC' maiigure Touky X Takyio, UTO HEPUMETD TPEYTOJIbHHUKA 00pa30BAHHOTO
OCHOBAHUAMU TEPIEHINKYIIAPOB, ONMYIeHHBX u3 X Ha cToporbl ABC MUHUMAIBHBIN.

3. a) [lokazxuTe, 9T0 A/ MOHOTO MTPOCTOTO P W HATYPATLHBIX n 1 k cpemm wncesn CF, C’,’f_l_l, C’,’f_l_z, cey C’ﬁ_l_k Haltmércsa
YUCTI0, He JAesIeecs Ha p.
- k k
6) Horaxre, 9To Ad MoGoro k cymecTByeT 6ecKoHedHO MHOTO n, Takux, 9to C), Ch, 1, CF o ..., Cpyp_1 He Ze-

JATCA HA P.

4. B crpane mpoBesim aHKeTY, B KOTOpoii TpeboBaIoCch Ha3BaTh JIOOUMOrO MHUCATENA, XYAOKHUKA U KOMIO3UTODA.
OKasaJioch,9To0 KaXKIbIl YyIOMAHYTHI XOTh pas MeATeslb UCKYCCTB ABIAETCA JTIOOUMBIM pOBHO k moabmu. lokaxmuTe,
9TO BCEX MPOAHKETHPOBAHHBIX MOYKHO PasmesuTh Ha 3k — 2 TPYNIBl Tak, 9YTO B KaxkI0il rpymme obble IBa 9eI0BEKA
HMEIOT COBEPIIEHHO PA3HBIE BKYCHI.

5. B apyroii cTpane HEKOTOPBIE TAPHI TOPOIOB COEINHEHBI ABHAJMHUAMIE, TPIHIEM KaZK B TOPOJT COEIMHER He MEHEE,
9eM ¢ TIOJIOBUHOR APYTHUX roponoB. [lokaikuTe, 9T0 MOXKHO HaliT TaKol MapIipyT obJI€Ta TOPOIOB, KOTOPHI HAUNHAETC A
1 3aKaHIMBAETCA B OJHOM M TOM JK€ TOPOJie U KaZKIBIl TOPOI MOcCelaeT POBHO OWH Pas.

6. O6osmauum vepes a, b u ¢ cropons! Tpeyroiabanka ABC, a4+ b+ ¢ = 2p, GG — nentp macc, O — MeHTP ONUCAHHOR
OKPYKHOCTH, R W r — paamychl OMUCAHHON W BIMCAHHOI OKPYIKHOCTEeN cOOTBeTCTBEHHO. JloKasaTh CIIPaBEIIMBOCTD
caenytomux cootHoutenuii: a) a? +b? + ¢? = 2p? — 2r? —8Rr;  6) OG? = R? — %(a2 + b2 4+ ¢%).

7. Hokaxwure, uto ecau p = 4n — 1 npocroe u (2k — 1,p) = 1, 10 [n+ k(k — 1)]*""1 =1 (mod p).

8. OxpyxkuocTtn S; u Se KacaoTca Xopasl AB, nmpoBenénHoli B OKpyZKHOCTH S, B Touke (. 5] Kacaerca nyru AB
B Touke [ a Sy Kacaerca momosinenus ayru AB B Touke E. AB genutr yroa LCAD nomonam. Hokaxure, ato AB —
IraMeTp OKPYKHOCTH.

Cepus 11. Beinannasi ¢ meiiblo pa3sXMWKEHUs HECyHIECTBYIIONIEH cybcranimu.

1. DafinuTe Bce Takme MpoCcThie Yncaa p u ¢, 4to 2F 4+ 1 genurcs Ha ¢, a 29 4+ 1 genaurca Ha p.

2. Borumcaure cymmy CO+ Cit 4+ C8 + ...

3. a, b u ¢ — madpsr, mpuaem b? — dac — KBagpar mesoro dncaa. JJoKakuTe, 9TO YHCIO abe COCTaBHOE.

4. B gBagpat co ctoponoit 1 moMmectnan 51 Touky. /lokaxmuTe, 9TO HAllMyTCA TPW W3 HUX, JieKallle BHYTPH KpyTa
pazuyca 1/7.

5. IlokaxkuTe, 9TO MEHTP TAKECTH TPEYTOJIBHUKA, €70 00pa3 MpH W30TOHAJIBHOM COTPAKEHUN U 00pa3s OPTOIEHTPA
P W30TOMHUIECKOM COTPAKEHUH JIEKAT HA OTHOI MpAMOIi.

6. Da miaockocTH pacmnosiokeHa Urypa, miIolamsb KoTopoit Merbine 1. [lokakurte, 9T0 (GUTYPY MOKHO CABHHYTH
TakK, 9TOOBl OHA HE MOKPBIBAJIa HU OTHOTO Y3JIa MEeJJOYUCTIEHHONW PelleTKn.

7. Dycrs A, B,C, D — d4eThipe MpOM3BOJIbHBIE TOYKH MJIOCKOCTH, HE JI€KAIIWe Ha OIHOW OKPYIKHOCTH, I HUKAKHE
TPHU W3 PTUX TOUYEK HE JeKaT Ha OXHOU mpaAmoii. [lokazKuTe, 9TO yros MeKIy OKPYKHOCTAME, OMUCAHHBIMU BOKDYT
1peyroiabaukoB ABC u ABD, paBeH yIiiy MeAy OKPYKHOCTAME, OMUCAHHBIMEU BOKPYT TpeyroibuukoB C DA u CDB.

8. Dacemorpum dyuknmio f: Ny — Ny, Takyio, 9ro cpenn snadennii 0, f(0), f(£(0)), ... HalimyTca moBTOpAIONIECH.
DpunymaiiTe aJropuTM, HCIOIB3YONMI He 3aBucAlmi 0T d  p 06bEM TaMATH, KOTOPBIl HalIET NJIWHY mepuoma p u
npennepuroaa d nocsaegoparenbHocTh 3a BpeMa O(d + p).

Marematuvdeckuii 6o rpymmnsl CT-3 nporus P.P.Caxumosa, 22 aBsrycra 2008 r.

1. Jdokaxure, uro ypasuenue x> + y? + 22 + 3(# +y+ 2) +5 = 0 He nuMeeT peneHnii B paMOHATBHBIX UNCIIAX.

2. B tpeyrosnbpuuke ABC' nposenennt Mmeguansl BD, AK u C'E, koTtophie epecekaiorcsa B Touke M. M3BecTtHO, 9TO
% = % # 1. JlokamkunuTe, 9T0 OKPYKHOCTH, OMMUCAHHBIE OKOJIO TpeyroabHukoB ABM n C'BM | xacaforcsa mpamoit AC.

3. Moxkwuo au npamoyrosbHuK 4 X 1,5 paspesars Ha 2 9acTu, KOTOPBIME 00OpaYNBAETCH MUHUIHBIT Ky6?

4. Kakoe HamboJblilee YUCIIO PABHBIX IO MOIYJIIO KO(DDUIMEHTOB MOKET UMETh KyOMUIecKuii MHOTOUIJIEH, KOPHAMHE
KOTOPOTO ABJIAIOTCA TPH PA3IUIHBIX METBIXIUCTIAT

5. meeTcs Tpu BHEIIHE OMMHAKOBO BBITVIALAIINE MOHETHI, OHA I3 KOTOPHIX (DATBIIMBALA, IPUIEM HEMIBECTHO, JIeTde
OHA WJIN TAKesiee HacToAmel. MoXKHO i 3a Tpu B3BENINBAHUA Ha YAI€YHBIX BecaX Oe3 THPb y3HATh, OTPEryIuPOBAHBI
Bechl min HeT? (Y HEOTPeryJMpOBAaHHBIX BECOB IIPU B3BEIIMBAHNE OJHA W3 JallleK Bcerga “sapbiniaer” Bec.)

6. Dnomans TPeyroJbHIKA C BEPUIMHAME B y3JaX MEJOYUCIEHHON pelleTKrn paBHA % MoxeT Ju HAUMEHBIIAA U3
ero cTopoH ObITH Hosbire 20007

7. llaxmarnas mocka 8 X 8 KiIeToK pazbura Ha 32 mpAMOyTroibHUKA pasMepa 2 X 1 kaxmerii. /IBa mpaMOyTrogbHIKA
Ha30BeM “coceqHUMN’ , eC/Ii OHH UMeoT boJilee deM ofHy obinyio TOUYKy. JIBoe mrpaiorT Ha 3TOl JOCKE B CIEAYIONIYIO
urpy. B JsieBom HuKHEM yriTy cToUT (BUINKA MEPBOTO UTPOKA, B JIEBOM BEPXHEM — BTOPOro. VTpoku XOmAT MO OYepPen.
DaumHaeT MepBhIfi. XoI 3aKII0OYAETCA B TMEPECTABIEHNN CBOell (bUIKN HA COCENHUIT MPAMOYTOJIBHUK. BHIUTPBIBAET TOT
UTPOK, KOTOPBI TEPBBIM H00OEpeTCs IO MPOTHBOMOIOKHOTO yriia Jocku. CyIIecTBYeT Jim TakKoe pasbueHme HOCKHU, MPH
KOTOPOM IIpU NMPaBWJILHON WIPe 000MX WIPOKOB BBIMIPBIBaeT BTOpoii? (Bo BpeMsa urpbl obe GHIIKE MOTYT OKa3aThCA B
OJIHOM TIPAMOYTOIBHUKE).

8. Dycrb aq, ag, ..., Gy — TAKHE HATYPAJBHBIE YHCTIA, YTO BCEBOSMOKHBIE HX CYMMBI (IO OMHOMY, HO IBA, . ..,, 11O
n (Bcero 2" — 1 cymMm) momapHo pasnndHel. JokamuTe, 970 al—l + i +...+ i < 2.

9. B xiacce, B kKoTopoMm yuarca 20 desoBeK, KaxKAble ABa JuOO IpyzxatT, Jub0, B MPOTUBHOM CJaydae, BPazKIYIOT.
WNsBecTHO, 9TO cpemn Ji0OBIX TPEX yUallluxca 1Mo Kpalineli Mepe mBoe apyxkar. B kitacce Ha coOpaHWEM MPOW3OILIA CCOPA,
mocjie KOTOPOoil HEKOTOPBIE Maphl MOCCOPUIINCH, & HEKOTOPBIE TOAPY KUJINCH, IPUIEM TaK, YTO BCE PABHO CPEIU JIIOOBIX
Tpex ydammxca XoTsa Obl aBoe gpyxkar. okaxwure, uro He MeHee 30 map, APYIKUBIIHX 10 CCOPBI, OCTAINACH IPY KUTh.



10. DaiinguTe Bce HaTypaJdbHBIE YHCIAA @, b H ¢ TaKHe, UTO KOPHH ypaBHeHmit x2 — 2ax + b = 0, 2 — 2bz 4+ ¢ = 0,
2% — 2¢x + a = 0 ABAAIOTCA HATYPATLHBIMHE “HCIAMI.

Cepust 12. O6pasioBo-nioKasaTeIbHasl.

1. Yesnanwt AA;, BBy, CC tpeyrombauka ABC nepecekatorca B Touke M. N — Touka nepecevenns B1C nw AA;.
Hoxkaxkurte, 9410 % = 2%.

2. a) Dycth durypa P Ha MIOCKOCTH HMeeT II0IaIs 6obile 1. Torma naiinyTrcs e Toukn A u B, IpuHaIIeKalne
durype @, Takue, 9T0 BEKTOD z@ HEJIOYNCIIEHHBIH (TO eCTh €r0 KoopanHaThl — mesble gncaa). 6) (I .MunkoBcknii) Dycrhb
Ha KOOPIWHATHOH [JIOCKOCTH NMeeTCH MEHTPATbHOCHMMETPHYHAA (OTHOCHTEIBHO Hadalla KOOPANHAT) BEIYKIad HUrypa
® nnomaau Gomawire 4. Torma oHa COHEPKUT IMEAYIO TOYKY, OTJIUIHYIO OT Hadajaa KOOPIUHAT.

3. DyceTh ay, ds, . .., 4y, — TaKWe HATYpaJbHBIE YHCIa, YTO BCEBO3MOKHBIE X CYMMBI (IO OTHOMY, [0 1Ba, . ..10 1
(Bcero 2" — 1 cyMM) HOTApHO PasinYHbL. JToKamkuTe, 4TO % + i +---+ i < 2.

4. B kunacce, B koTopoM yuarca 20 WesOBeK, KazKIble ABa JHOO ApyIKaT, Jubo Bpaxayior. MsBecTHO, UTO cpenu
JO0BIX TPEX yYallmxca Mo KpaliHell Mepe mBoe mpyikar. B kiacce Ha cobpaHWE MPOM3OILIA CCOPa, MOCJE KOTOPOi
HEKOTOPBIE Maphl MOCCOPWIINCH, & HEKOTOPHIE TMOAPY KUIUCH, TPUIEM TaK, 9TO BCE PABHO CPEIN JOOBIX TPEX YUAIIUXCH
xoTda 6B ABOE npyxkatT. [lokaxkure, uro He Mernee 30 map, APYKUBIIAX IO CCOPBI, OCTAIUCEH APY KUATH.

5. Hoxaxmure, uto 2'9 4+ 512 — cocraBHOE UMCTO.

1
6. HokaxuTe, 9TO HJIA JIIOOOTO HATYPAIBHOTO N {n\/i} > T

7. Yuampecsa usydamoT n > 3 npeaMeron. M3BecTHO, 4TO 10 JIIOOOMY HpeIMeTy OTIMYHUKAMK ABJIAIOTCH POBHO 3
YYEHUKA W 9TO JJidA JIIOOBIX IBYX MPEAMETOB POBHO ONWH YUEHUK ABJIACTCA OTIMIHIHKOM IO OOOMM M3 HUX. DPH KAKOM
HaWMEHBIIEM N MOXKHO YTBEDPZKIATH, YTO HEKOTOPBIN YIEHUK — OTIMIHUK IO BCEM IIPEIMETAM.

8. Crenenn moboit BepmuHEl rpada He mpeBocxouT d. JIoKaiKuTe, UITO €ro BePIIHHBI MOMKHO IOKPACHTh B d2 + 1
IBET TaKUM 00pazoM, 4TOOBI PACCTOAHNE MEXKIY JOOBIMEU IBYMHA BEPIIMHAMEI OIHOTO IMBETA OBLIO HOJlee ABYX.

Ompenenenne. ['oBopAT, YTO TeI0€ YUCIO G, B3AMMHO MPOCTOE € M, TPUHAMJIEKHUT IO MOIYIIIO M K MOKA3aTEIO
d, ecin d — HamMembIIasg HATYpATbHAA CTeTleHb, 1A KoTopoit a =1  (mod m).

9. a) DycTb a MPEHANJIEKUT MO MOLYJTIO M K HeKoTopomy mokaszaremio d. [loxammure, ato torma a®, k € N,
MPUHAAIEKAT K HEKOTOPOMY JTETUTENIO d.

DaunHad ¢ TyHKTa 6), pedb HIET O BHIUETAX W MOKA3ATENAX MO TPOCTOMY MOMLYJIIIO P.

6) DycTh a TpEHAMLIEKNT K mokasareio d. JToKaKkuTe, 9T0 BCe BBIYETHI, IPHHAAIERKAIINE K ASTUTETAM d, HaXo-
narcd cpean BeraeTos 1, a,a’, ... a1l

B) [okaxunTe, 9T0 BEIYETOB, IPUHAIJIEKAINX K MoKasaTesnio d, nMeercs wim 0, nim ¢(d).

r) Hokazxkure, 9ro gy joboro d | p — 1 nMeeTcs poBHO ¢(d) BHIYETOB, MPUHAIIEKANMK K MOKA3ATETO d.

Cepusa 13. The Final Cut.

1. IlokazkuTe, 9T0 B OMACAHHOM YETBHIPEXYTOJIBHUAKE IUATOHAN W OTPE3KH, COEMNHAIONINE TOYKH KACAHUA TTPOTHBO-
MOJIOKHBIX CTOPOH CO BIUCAHHOW OKPYKHOCTBIO, TEPECEKATOTCA B OIHON TOUKe.

2. OxpyKHOCTH KacaeTcsa cTOpoH Tpeyronbuuka AB u BC tpeyroisanka ABC B Toukax D u F| a TakxkKe onucaHHOR
OKPY KHOCTH TPeYroNbHUKa (BHYTpeHHNM obpasom). okaxknTe, uro DE TPOXOMUT Yepes MeHTD BIUCAHHON OKPY JKHOCTH
Tpeyroabauka ABC'.

3. Oxpyxuoctu ¢ nearpamu A, B u (' monmapHo KacatoTca apyr apyra B Toukax A;, By u C7. [lokaxkure, 910 TOUYKH
nepecevenns map npameix AB u A1 By, BC' u B1Cy, CA u C1 Ay nexar Ha OgHON MpAMOI.

4. AmrobycHas ceTh Ha OCTPOBe DeBeseHndA obIataeT CIEAYONNME 3aMevTaTeTbHBIMI CBOHCTBAMI: () ¥ KaZKIBIX
IBYX aBTOOYCHBIX MapIIpyTOB eCTh POBHO ofiHa oblas 0CTaHOBKA; (#4) /1A KazKIBIX IBYX aBTOOYCHBIX OCTAHOBOK CYIIe-
CTBYET POBHO ONIMH COSAMHAOMNH TpAMOit MapiipyT; (i¢4) Ha KaykKIOM MapIIpyTe POBHO 8 OCTAHOBOK; (iv) depes KakIyro
OCTAaHOBKY MPOXOAAT POBHO 8 MapIIpyTOB.

a) CKOJIBKO Ha 3TOM OCTPOBE aBTOOYCHBIX 0cTaHOBOK? 0) CKOMBKO Ha HeM aBTOOYCHBIX MapiipyToB? B) Tokaxknte,
9TO TaKOH OCTPOB (B OKeaHe) eCTh.

5. B marasute b mycThIX NTUBHBIX Oy THIJIOK MOZKHO OOMEHATH Ha Oy THIJIKY MOJIOKA, a 10 mMycTBIX MOJOYHBIX OY THIIOK
— Ha Oyreuiky muBa. C. B. mamésn B mompasie 60 mycThix OYTHIIOK W CTAJT WX OOMEHHUBATh. B KOHIE y HETO OCTAJIACH
ofiHa muBHaA GyTHIIKa (OyTHIIKN, HoTydaeMble ipn obMmenax, C. B. mcnonpsoBain B mocienyomux ooMenax). CKOIBKO
mUBHBIX 6yTHLTOK Haimén C. B. B mogpae?

6. JokaxuTe, 9T0 TPH JIOOBIX HATYPAIbHBX a > 1 u n uncyio (a” — 1) gennrcs Ha n.

7. (Teopema Dmuxdenpara). JokamuTe, 9T0 PacIoIOKEHHYIO Ha MIOCKOCTH ¢ TEJTOUNCIEHHON penteTKoli dburypy
IO S MOYKHO HapaslIe/bHO TEPEHECTH TaK, 9TOOB BHYTPh DUTYPHI monaio a) He Hosee [S] y3ios; 6) He Menee [S]
y370B (a ecnn S He nenoe, To He MeHee [S] + 1).

8. P(z),Q(x), R(x) — HeHyJIeBble MHOTOUJIEHBI ¢ palMOHANBHBIME Koadduinentamu. MssectHo, uto P(z)Q(z) +
Q(z)R(x) + R(x)P(z) = 1. HokaxuTre, 9T0 ¥ 3TUX MHOTOWIECHOB He MOKET OBITH OOIINX KOpHETi.

Cepusi 14. [lepeBsiHHAsI TOMOTETHS.

1.9a oxpyxuoctu mausl Touku A, B, C. Xopasl, coenuasamonine cepenuny ayru AC' ¢ cepenmaamu nyr AB u BC,
nepecekatoT orpesku AB u BC' coorBetcTBenno B Toukax K u H. [Hokaxkwure, uro K H mNpoxoauT depes MEHTP BIUCAHHON
oKpyKHOCTH Tpeyroabauka ABC'.

2.B rpanemuun ABC'D ¢ ocnoBaruamu AD u BC' gepes Touky B mpoBeneHa mpaMad, HapajuienbHas cropore C'D
u mepecekatonaa guaroranb AC B Touke P a uepes Touky (' — mpamasd, mapajiiesnbHad cTopoHe AB u mepecekaroiiag
nnaronads BD B Touke ). [lokazsars, uto npamasa P() napasiesbHa OCHOBAHUAM TPAIEIINN.



3. DycTh Touka Ps W30TOHAIBHO COMpAKEHa TOUKe P oTHOCHTe bHO Tpeyrombanka A BC. U3 s1ux Todek omycTusim
neprenaukyaapsl P1 Ay, Py By, P1C1; PoAg, PoBs, PoCy 5a ctoporst BC, C'A, AB cootBetrcTBenno. [lokaxuTe, 9T0 TOUYKH
Ay, As, By, By, (1, Cy mexar Ha oIHON OKPYKHOCTH.

4. Da MWIOCKOCTU HAaHBI IBe mpaMbie {1 u [5, mepecekarolmecs B Todke A, a TakkKe TodKa B. DPOBOLATCA BCEBO3-
MOZKHBIE TTapBl MPIMBIX, TPOXOIANINX Uepe3 B u mepecekatolue [y u [y, 1 OTMeYaroTCss TOYKH TIepecevdeHns Juaronasiei
MOJIYIAIONIMXCS YETHIPEXYTONBHIUKOB. JloKaiKuTe, 9T0 BCe 9TH TOYKH JiekaT Ha OIHOW mpsimMoli, mpoxoasiieit depes
TOouKy A.

5. Da gucre GyMary HapuCOBaH MPaBUJIBHBIN TpeyrosbHUK co croponoit 2003. DapasijielbHO €ro CTOPOHAM MPO-
BelleHBl IpAMEBIe, pasbupatomne ero Ha 2003? MpaBMABHBIX TPeyTOJLHUTKOB co cTopoHolt 1. ®emg m Cama XomdaT IIo
ouepenu. Kaxabiit cBouM xomoMm ob6BoauT BIoMacTEPOM 3aMKHYTYIO HECAMOTIEPECEKAIONIYTOCA JIOMAHYIO, TPOXOIAILYIO
IO CTOPOHAM EIMHUYHBIX TPEYTOJBHUIKOB W ABJIAIONIYIOCA TPAHUIEH BHITYKIOTO MHOTOYTOJNBHUKA. D PH 2TOM Pa3JIHY-
HBIE JIOMAHBIE HE JOJIKHBI UMETH ODInX TodeK. DaumnaerT Pensd, MpourpeiBaeT He nMeommit xoma. Krto Beurpaer npu
MpaBUILHOR Urpe?

6. Mambsak Baca mo omnoli mepepesaeT BEPEeBOYKH BOJIERDONBHON CETKH, MMEIOIIENR BUI MPAMOYTOJIBHUKA 1M X 7.
Kakoe naubousibliiee 9UCI0 BEPEBOYEK MOXKET OH paspesaTh 0 TOro, KaK CeTKa paclaJercsa Ha KYCKu?



