BerynurenbHasi OJIMMONATA JIJIsI BBIMYCKHUKOB 9-10 kJiaccos, 3 aBrycra 2011 r.

1. Mox#o nm packpacuTh mirockocTs B 2011 1BeToB Tak, 4Tobbl BHYTPH JTI060T0 Kpyra Obinm Touku Beex 2011 mBeTon?

2. Bmoss mpamoro mocce TmyTapakanb — ¥ pronuHCK B ToUKax Ay, As, ..., Ajgp CTOAT BRIMIKE OMEpaTOpa COTOBOI CBA3M
I9C, a B Tourax By, Ba, ..., Bigo — BHIIKK KoMIannn “Oymnop”. (DyMepalus BHIIIEK MOKET He COBIAIATH ¢ MOPATKOM HX
PacCHoIoKeHNA BIOID Iiocce.) Kammasa BolliKa aeficTByeT Ha paccroannn 10 KM B 0be cTOPOHBI BIOJIb mocce. M3BecTHO, UTO
A;Ap > BBy npu no6wix ¢, k < 100. okaxure, 4To cyMMapHad JJHHA BCEX yYACTKOB ILIOCCE, OXBadeHHBIX ceThio [IDC, He
MeHBIIle, YeM IINHA yIACTKOB, OXBAUYEHHBIX CETHIO “Dymop”.

3. Touku X u Y — cepenmunl croporn AB u AC' tpeyronbuuka ABC', I — neHTp ero Boucanuoii okpyxHocTH, K — Touka
KacaHWsA BIUCAHHOW OKPYKHOCTH co cTopoHoit BC. DuccekTpuca BHENIHETO yIyia P Bepiinhe B mepecekaeT mpamyo XY B
Touke P, a buccekTpuca BHeNIHero yria mpu Bepimie C mepecekaerT XY B Touke (). [loka)kuTe, 9TO IMIOMAID Y€TBIPEXYTOIb-
anka PK (I paBHa MOJOBHHE ILJIOMAIA HCXOTHOTO TPEYTOJIbHIKA.

4. Mects unenor komaugel Paranun Ha MeXIyHAPOIHON MaTeMaTHIecKOl onmMnuamse oTompaoTcda n3 13 KaHIuIATOB.

Ya 016opouHOl oMMIHAaLe KaHIUIATE HabPall a1, G, . .., di3 0alIoB (a; # a; UpH i # j).
DYKOBOAUTENH KOMAHIBI 3apanee BRIOpasd 6 KaHOIMIATOB U TENEPh XOdYeT, YTOOB B KOMaHIy momnaian umenuo ouu. C 310l
HeJIbI0 OH HMOAOMpPAET MHOTOUWIEH P(%) U BRIUMCAAET meopueckull nomenyuan Kaxaoro Kanaumgara mo dopmyie ¢; = P(a;).

Ipu KaKOM MUHNMAJIBHOM 7 OH 3aBEIOMO CMOXKET MomobpaTh Takol MHorowsneH P(z) cremeHn He BBINIE 1, 9TO TBOPYECKHIH
MOTEHITNAJ JTIOO0TO W3 €0 MIECTH KAHINIATOB OKaXKETCH CTPOro HOJIbINE, YeM V KaXKIOTO W3 CEMH OCTABIIMXCA?!

5. OprarmsaTopbl MATEMATHIECKOTO KOHI'Pecca ODHAPY KUJIH, 9TO, €CIIH JOO0r0 U3 yIACTHUKOB MOCETUTH B OJTHOMECTHBIH
HOMED, TO BCEX OCTAJBHBIX MOKHO OYIET pacCeJuTh IO JMBYXMECTHBIM HOMepaM, B KaXKIOM W3 KOTODBIX obuTaresnm OymyT
3HAKOMBI JAPYT C IPYTOM.

Hoxkaxure, 910 000 yIaCTHUK MOIKET OPTaHW30BATh KPYIUIBIH CTOJ O Teopuu rpadoB, B KOTOPOM, KpOMe HeTo, OyIeT
Y4aCcTBOBATH €llle YETHOE UUCJIO JTIoHell, 1 KaKIbili yIacTHUK OyHeT 3HAKOM ¢ ODOMME CBOUMU COCEIAME MO CTOJY.

6. Darypanabhble n, m, k TakoBbl, uTo yncaa 57 —2 u 28 — 5 nenarca ma 57 — 2. JlokazKuTe, 4TO N U 1M B3AUMHO IPOCTHL.

7. B tpeyronbanke A BC' cTOpOHBI IOMAPHO pasyiudnbl. Da aydax AB u C'B ormedensr Toukn By u By tak, ato AB; = OB,
CBy = AB. 9a aydax CA n BA otmedensr Toukn A; m A; tax, ato C Ay = BA, BA; = CA. Da aygax BC u AC oTMmedeHb
Toukn Cy n Oy tak, uro BC| = AC, ACy = BC'. dokaxute, 9To npsambie Ay As, B1 By m ('1C niepecekaioTcsa B OmHONM TOUKeE.

8. IlBe HecokpaTuMmbie gpobu f]—’ 1 L MpEeJCTaBUIIN B leCATHYIHON 3anmuch. Cpelu paspaloB MOCJIe 3alATOl ¢ HOMepaMu OT
500 000 mo 1 000 000 okaszasiock Menee 5 000 paspsAmoB, B KOTOPBIX UM PHI 3TUX Apobell He COBIAMAIOT, HO XOTH OBl OJIMH TaKO
paspan ecTh. JloKaKHTe, UTo 3HAMeHATeNb OTHON m3 3THX Apobeil Gombure 10°°,

Cepusa 1, ¢ mokasarejqssmMu

1. Daitaure Bce mapsl (p, ¢) TPOCTHIX YHCEN TaKHe, ITO duCI0 2P — 1 mesuTes Ha ¢, U Cpein MPOCTHIX MeJUTeNeH dncia
g — 1 nMeroTCA TOMBKO UMCHaa 2, 3, b U 7.

2. DaliguTe Bee Lesible HeoTpUIaTe bHBIE YuCa 1), o, 3, n £ 0, rakue, ato (n” — 1) @ (n® + 1).

3. Hokaxwure, 9To gncio a) 911-19191— 1, 6) 92! - 1918! + 1 menmrcsa na 2011.

4. DarypaJbHBIl pAL TpeACcTaBiIeH B BHAe OObEeIMHEHNA HEKOTOPOTO MHOZKECTBA MOMAPHO HEMEPECEKAIONNXCHA METOUN-
CJIEHHBIX OECKOHETHBIX apuMETHIECKAX Tporpeccuii ¢ pasHoctamu di, ds, ds, . ... MOXKeT Jau CIy9INTHCA, 9TO MIPH 3TOM CyMMa,
1/d1 4+ 1/ds+ 1/ds + ... ze npessimaer 0,9, ecan a) obiiee YuCI0 Tporpeccuii KoOHEUHO; 6) Tporpeccuii HecKoHeTHOE TNCITO?

5. Hawmwer 1989 pasnuunbix HaTypaJdbHBIX unces. JlokaxuTe, 9TO HEKOTOpasd OeCKOHEUHAsA apupMeTuIecKasd MPOTPECCH,
MEPBBIN YIeH KOTOpOil He OoJbIlle ee PA3HOCTH, COAEPIKUT POBHO 3 WIIH 4 TaHHBIX YHUCJIA.

6. Daiinure BCce pelleHnsA ypaBHEHUA 2+ y2 +22 44 Yy + 2z = 1 B palluoHaJBHBIX YUCJIAX &, Y, Z.

7. Da decTuBaIb BOEHHO-MOPCKO ecHn mpuriramensl xopel w3 100 crpan. Kaxapiih Xop HOJIZKEeH UCIOJHUTD TPU MECHU 1
cpasy yexarb gqomoit. O3HAKOMUBIIHUCEH C TEKCTAMH [TECEH, OPTAHI3ATOPHI ODHAPY AKUJIH, 9TO KakKIad MeCHA OCKOPONTEeTbHA A1
onHOM W3 ygacTByoIuX cTpal. /loKa)KuTe, 9T0 OHE MOTYT HA3HAYUTDH MOPALOK BBICTYIIEHHN TaKUM 06pa3oM, YTOOBI HIKOMY
He TPUIILIOCH BRICAYIIUBATE OOJbIIE TPEX OCKOPOUTETBHBIX [IJIA €10 CTPAaHBI MECEH.

8. Han Bemmykasiit 100-yronsauk Aj As ... Ajgo. Ero pasbuim Ha TpeyroJbHUKE HE TEPECEKAONIMMUCH 110 BHYTPEHHUM
TOYKaM AuaronasaMu. J[oKaxkKuTe, YTO TH TPEYTOJIBHUKH MOXKHO €IMHCTBEHHBIM 00pa30M 3aHYMepOBaTh dmcjaamu 1, 2, ...,
98 TakuM 0OpazoM, 9TOOB KaXK Bl TPEYTOJIBHUK ¢ HOMEPOM ¢ COMEPIKAJT BePUIMHY A;.

Cepusa 2. UcnostHenue Bcex BaNIAX KeJTaHWM.

1. Hokaxutre, uro a) ecsan yucso 2P — 1 — npoctoe, To uncyo 2P ~1(2P — 1) — coepiuenHoe; 6) J060e YeTHOE COBEpIIEHHOE
YUCJIO UMeeT BUJI 2p_1(2p — 1) ¢ mpocthiM MHOKHTETEM 2P — 1.

2. HokamnTe, 9TO y BCAKOTO HATYPAIBHOTO YNCJIA a) KOJMYECTBO HejnTesneil Buga 4k + 1 He MeHbIIe, 9eM KOTHIECTBO
nenuteneh Buga 4k + 3; 6) KoaMYecTBO HeanTeNel, JeCATHIHAA 3a0UCh KOTOPBIX OKaHIMBaeTcA Ha | miam 9, He MeHbIe, YeM
KOJUYECTBO JEJIUTENEN, TeCATHIHAL 3aMUCh KOTOPBIX OKAHIYNBAETCA HA 3 WU 7.

3. lano marypasbaoe umcio N. Bremwmiiem Bce ero menurtenu di,ds,...,d,, Oad KaKIOTO W3 HAX HaiigeM, CKOJBKO
nenutesiell oHo umeet. JloKaxKuTe, UTO JJIS MOJTYIEHHBIX YUCES 1, d2, . . ., Ay BHIIOJHAETCA PABEHCTBO (a1 + az + ...+ a,)? =
a?—l—a‘;’—i—...—l—af’l.

4. Iokaxure, ato cymectByeT 2011 mocaenoBaTebHBIX HATYPAJbHBIX YHCEN, KaXKI0e U3 KOTOPHIX IEJUTCA Ha KBaapaT
HaTypaJbHOTO Ynciia, bosbiinero 1.

5. @ m m — HaTypaJibHBIE YUCIIA, & — IEJI0e YHUCJIO TaKoe, 9TO a
mesoro y oba umcaa a’y — a u ay’ — y OeadTca Ha m.

6. BepiiuHBI BEITYKJIOTO MHOTOYTOTBHUKA ¢ HEYETHBIM YUCIIOM CTOPOH OKPACUJIN B TPH IIBETA TaK, 9TO JIOOBIE JIBE COCEMHME
BEPIIUHBI OKPAIIEHBl B pasHble MBeTa. JloKaxnTe, 9T0O MHOTOYTOJBHIK MOZXKHO Pa3pe3aTh HelepPeceKatoluMUCA JUATOHATAME
Ha TPEYTOIBHUKH TaK, 9TOOBI Y KaZKIOTO TPEYTOJIbHUKA IIBETA BCEX BEPIINH OBLIN PA3JIMIHBI.

2l‘ — a JEeJINTCA Ha . ,ZLOK&}KI/ITG, qTO OJId HEKOTOPOTO



7. HokaxkuTe, 9T0 OpH N > 2 4UCJI0 n! MOKHO OPEICTABUTL B BUAE CYMMBI N PA3IUIHBIX €10 JeJTUTENeH.
8. Darypanbroe n > 101 meaurca ma 101. Ms3BecTHO, 9TO KakKABIl mequTesb n, MEHbINA n u Gosbinii 1, ABIAETCHA
Pa3HOCTBIO ABYX HesmuTenelt n. [loxkamuTe, uto n meantcd #Ha 100.

Cepus 3: apudmernka, MHOTOYJIEHBI

1. Hokaure, 9T0 Bce mpocThle menmtesn udncen Mepcenna 2P — 1 (p — mpocroe) umeior Bunm 2kp + 1 ¢ HeKOTOPBIM
HaTypaJbHBIM k.

2. Hokaxure, uto 2" — 1 He KpaTHO n IpH HaTypaJbHOM n > 1.

3. Hoxaxmure, uto ypabHenne 52> + 11y> 4+ 1323 = 0 He uMeeT pelmenuil B MeJEIX YWCIAX, OTIMIHEX OT 0.

4. Uensle uncia a, b, u ¢ Takossl, 4ro uuciaa £+ 2 4+ £ & 4 ¢ 4 b qoixe nemie. dokaxure, uro |a| = [b] = |c].

5. loKaxKuTe, ITO cyMMa KyboB Tpex KopHelt ypapHeHHA x° + pr + ¢ = 0 ¢ measMu KosbUIHeHTaME ecTh MeJoe THCIo,
neJgiAlleecd Ha 3.

6. Dpo nosoKUTENBHEBIE YHCHA &, b, ¢, &, Y, z u3BecTHO, yTo a < b < c;a L e <y <z <L ¢ abe=zyz; a+bte=2+y+=z.
Hoxaxure, uto a = x, b=y, ¢ = z.

7. HokamuTe, 9TO

a) IpH TPOCTOM p > 2 1—1—%—1—%—1—...—1—1%50 (mod p);

6) (Teopema Bosbcrenxonbma, 1862) npu npoctoM p >3 14+ L4+ &+ ...+ ﬁ = (mod p?).

8. (DurTH, Danr) a) Jokaxkunre, 970 €CJIN MOCTENOBATETNBHOCTH dy, = [na] u by, = [nf], n € N, He mepecekaich, HOKPBIBAIOT

. 1 1_
BeCh HaTypaJIbHBIA PAl, TO @ U [ UppalMOHAJbHBI U = + 5= 1.

6) HoraznTe, 9T0 €CJIN & U [ UPPAHOHATIBHB I % + % = 1, To nocsenoBarenbHocTH a, = [na] u b, = [nf], n € N, ne

nepecekadch, MOKPLIBAIOT BECh HATYPAJIbHBIN pAI.

Cepus 4, mocaenusia aucto apudmMerndeckas

1. Demnre cpasrerne zt + 2% + 22 + 2 +1=0 (mod 1987).

2. Dyerb p, ¢ — npocThie Yucaa, ¢ > 5. okaxure, uyro ecau ¢|2P + 3P, 10 ¢ > p.

3. a) (Dinep) Jlokaxkure, 4To ypaBHeHue 4xy — x — y = z° He UMeeT pellleHuil B HATYPAJIbHBIX UUCJIAX T, Y, 2.

6) Hokaxure, 9T0 OHO UMEET DECKOHETHO MHOTO PEIIEHNH B IEJIBIX OTPUIATENBHBIX YHCIaX &, ¥, 2.

4. JToKazKuTe, UTO eclH IHcaa m,n € N yIoBIeTBopaoT paBeHcTBY 2m” + m = 3n? 4+ n, To uncaa m — n, 2m + 2n + 1,
3m+ 3n+ 1 apadoTca KBagpaTaMu HEJTbIX YHUCET.

5. Jlano HaTypaJbHOE YHCJO N, ¢ W b — ero HaTypaJibHble ITenuTesu, npudeMm a < b. Jlokaikure, 4TO BBIMTOTHAETC

CJTEyIOIIee PABEHCTBO: {—ail} + {—aiz} +...+ [%] = [—%11} + [—%’j_z} +...+ {%}
a
6. HokaxkuTe, 9TO s JIOOOT0 HATYPAJLHOTO T BBIIOJHEHO paBeHCTBO [/n] + [¢/n] + ...+ [/n] = [log, n] + [logs n] +
...+ [log,, n].
7. DelinTe B MEJIBIX HEOTPUIATENBHBIX YUcax ypaBHeHue H” - 7Y + 4 = 37,
8. JlokaxwuTe, 9T0 AJs KaXKIOTO HATYPAIBLHOTO N CYHIECTBYET GECKOHETHO MHOTO k TakuX, 4To k- 2" — 7 — ToUHBI KBagpart.
9. DeckonewyHas apudmMeTwdecKas MPOTPECCHs U3 HATYDPAJBHBIX YHUCEI CONEPKUT TOYHBIA KBaapaT u TouHb Kyb. [lo-
KaKUTe, 9TO OHA COMEPIKNUT TOUHYIO NIECTYIO CTEHEHD a) €CJIN WIEHBI MPOIPECCHN B3aUMHO MPOCTH ¢ PA3HOCTHIO; 6) B obleM

ciaydJae.

Cepusa 5: Te ke u QyHKIHMOHAIbHLIC yPABHCHHAA
1. Ompenenenne. Pad @apes ®, — mocnenoBaTebHOCTD PACTIONOKEHHBIX II0 BO3PAacTaHMIO HECOKPATHUMBIX Apobeil ¢ ¢
0<agbgn.
Meduarnma npobeit % u fl — 1pobb Z-I-I——g'
a) Hoxaxkure, uro pag $, nomydaerca us paga $,_ 1 BCTaBKol MEINAHT MEKAY COCCTHUME APOGAMI ¢ CYyMMOii 3HaMeHa-
Tesiell n.

6) Hoxaxkure, 4T0 A1 ABYX Apobeil § U §, CTOAIMX pAaoM B KakoM-uubyab pany Paped, |ad — be| = 1.

2. HokayuTe, 9TO I HEKOTOPOTO HATYpaJbHOTO n uucio 2" nadmHaerca mudpavu 2011.

3. JMokaxure, 9T0 [jis JHOGOIN0 UPPAIMOHAILHOTO ¥ HOCHENOBATENbHOCTD d, = {nd¥} paBHOMEpHO pacnpeiesicHa B eiu-
HUYIHOM WHTepBaje, To ecTh, eciit 0 < o < 8 < 1 n Fn(«, ) — konmgectBO HOMepoB n < N takux, uro o < {nd} < 8, 10
MJ\?—’ﬁl—)ﬁ—anpﬂN—)oo.

4. lokazure, 9410 Q14 Henesoro a > 1 (mpuueM a # /¢, L€ p U ¢ — HATypaJIbHbIe YHC/IA) I HATYPAIBHOTO 7 BLIIOIHACTCH
pasenctro [log, 2] + [log, 3] + ... + [log, k] + [a] + [a?] + ...+ [@*] = kn, tae k = [log, n] ([z] — memas gacTs wucaa z).

5. YMHOKEHNE BCEX DTEMEHTOB PUBENEHHON CHCTEMBI BEIUETOB MO IMPOCTOMY MOAYJIO p Ha BhideT a Z 0 (modp) mpons-
BOIUT B Hell TepecTaHoBKY.

a) JToKakuTe, 9T0 €CIM ¢ — KBAAPATHIHBI BBIYET 1O MOLYJIO P, TO HOJIYyUHBIIAACA MOACTAHOBKA YeTHA.

6) HokaxuTe, 9T0 €CIM @ — KBAAPATHIHBIl HEBBIYET 110 MOLYJIIO P, TO OHA HEYETHA.

6. Xapakrep modm — 210 He paBHad TOKIECTBEHHO HYJO dbyHkuua X : Z — C magas, aro x(a + m) = x(a) upn Bcex
nensix a, y(ab) = x(a)x(b) npn Bcex nenvix @ uw b u x(a) = 0 upn (a,m) # 1. TmasHeIl XapakTep Yo 3aJaH PABEHCTBOM
xo(a) = 1 mpu (a,m) = 1.

a) Jokamxure, 470 xapakTepoB modm KoHedHOe 9ncao. X MHOKECTBO MBI O003HATNM Zi .

6) Hokaxure, ato  » . x(a) = 0 misg a0060r0 HETTABHOTO XapakTepa X.
amodm

B) Hokaxute, ato Y. x(a) = 0 gua moboro a Z1  (mod m).
x€EL,



7. Cymectsyer su dynknua f : R — R, ynosnersopsiomas ais Beex @ € R nepasenctsy f(z?) — (f(2))? > 1/4 u ne
NpUHUMAalIas HUKakoe 3HadeHne 6ojee 9eM B OJHOI Touke?

8. Oyukmna F 3amaHa Ha Beeil BENeCTBEHHON OCH, MpUYeM M1 J000TO & MMEET MECTO PaBEHCTRO: F(l‘ + l)F(a:) + F(l‘ +
1) + 1 = 0. Hokaxure, uro dbyHKnuA F He MOKeT OBITH HEMPEPHIBHOIM.

9. Tano HemycToe MHOKeCTBO (7 HE PABHBIX OCTOAHHON GYyHKIW meficTBUTENbHOTO apryMenTa ¢ Buga f(z) = ax + b, roe
a n b — meiicTBuTENILHBIE YnCTa, npudeM (G yIOBIETBOPAET CAEAYIONINM YCIOBHAM:

1) ecrm f,g € G, mo go f € G, tme (go f)(x) = g(f(x)), T.e. MHOKecTBO G 3aMKHYTO OTHOCHTEIBHO CYIEPTIOSHITH;

2) ecu f € G, tne f(x) = ax + b, 10 obparnas dyukmua f~1 € G, roe f71(z) = xT_b;

3) miaa moboit f € G cymecTByeT &y Takoe, 410 f(f) = z§.

TokazknTe, 9T0 CyMeCTBYeT NelicTBUTENbHOE k Takoe, uto f(k) = k mna Beex f € G.

Cepus 6, ¢ raynbivu GYHKITAIMA

1. 9ycTh p m ¢ — HaTypaJbHBIE YUCTA TAKHE, ITO f]—’ =1- % + % — % +...—- ﬁ + 131@. HoKaXnTe, 9T0 UUCTO P TEJIUTCA
Ha 1979.
2. (Oiisenmreitn, 1850) JokamuTe, 9T0 IPH TPOCTOM P > 2
2P—2 1,1 1 .
a) P :1—§+§——m (modp),

-1
6) Fo=t =145+ Lt+...+55) (modp).

3. Daligure Bce HedeTHBIE Ymcia n Takue, 910 n | 3" + 1.

4. (A.A.Mapkos, 1879). DaccMOTpUM ypaBHEeHHe B HaTypasbHbIX unciax x>+ y? + 22 = 3zyz.

a) DafiTuTe Bce €ro pelleHns, B KOTOPBIX CPEIN YNCET &, Y, 2 €CTh PaBHBIE.

6) TokasKuTe, 9TO €CJIN B PENIEHNH STOTO YPaBHEHUA TUCTIA &, Y, Z PASIWIHBL, TO JII000E N3 HUX MOKHO 3aMEHHTE APYTHM
9HUCJIOM, TIOJIYIUB IPYToe pellleHne YpaBHEHM .

5. B mpekpacuoit kuaure ”COOPHHUK 3aad MOCKOBCKIX MareMarndeckux onmmmuan’ (mom pen. A. A. Jlemana) nmeercs
claenyolnas 3amada;

Do BGecKOHETHOI 1axMaTHON TocKe ¢ MOJMAMHA B BHIEe KBAIPaTOB CO CTOPOHOM 1 mpeiraeT 6y10Xa, MepeMeliaich 3a Kak bt
IPBIZKOK Ha « BIpaBo W Ha ( BBepx. lokakmuTe, 9To ecyim «, 3 u % HppalnoHaIbHbI, TO HjI0Xa 06A3aTeIbHO KOorma-HudyIb
mommageT Ha YepHOoe ToJIe.

Kak Bwr mymaere, BepHO JI TO yTBepKICHHTE?

6. ®yuxmun f(x) —x u f(xz) — 25 ompenestensl IpY BeeX MOJIOKUTEIBHBIX & U BO3pacTaioT. JoKaxuTe, 4To (byHKINA

f(l‘S) — @ — l‘6 TaKzKe BO3pacTacT PN BCEX MOJIOKUTEJIBHBIX .

7. Daligure Bce dbynkuun f(x), onpeneseHHBIE TPH BCEX TONOKATENBHBIX &, IPUHIMAOIIAE HOTOKUTEIbHbIE SHAYCHNA I
YIOBIETBOPAIOIIIE IIPH JTIOBBIX MOJOKHTENBHBIX & 1 y pasencTsy f(x¥) = f(x)fW).

8. ®yuxunn f(x) u g(x) onpeneseHbl Ha MHOKECTBE MEJBIX TUCEIT, He TPEBOCXOAANTIK o Momystio 1000. O6osHadnM Yepes
m gucyao map (x,y), mig kotopsix f(z) = ¢(y), epes n — dncio nap, mis Kotopsix f(z) = f(y), a 4epes k — auncio nap, mis
KoTOpBIX g(#) = g(y). Hokaxure, ato 2m < n + k.

9. UsBectHo, uro f(x), g(x) n h(x) — kBanparusie Tpexwnensl. Moxker au ypasrenue f(g(h(x))) = 0 umers KopHu 1, 2, 3,

4,5,6,7u 87

Cepus 7, ¢ coBceM TiynbiMHA (DYHKIMAMMA

1. (raynoe ynpaxuenue) [Tokaxure, uro ecau p = 4n — 1 mpocroe u (2k — 1,p) = 1, 10 (n+ k(k —1))*""1 =1 (mod p).

2. Jlokaxure, 410

a) ecsu s HATYpaJbHBIX uuces ¢ u b uucno (a? + b?)/(ab — 1) HarypasbHoe, To OHO paBHO 5.

6) ypaBrenue z? — bry + y? + 5 = ( umeer GeCKOHEUHO MHOTO pellleHUH B HATYPAJIbHBIX THCIAX.

3. (Taycc, Disquisitiones Arithmeticae, art.78, Takke nsBecTHO oM HasBaHneM ~0bobiieHHON Teopembl Buiabcona”) o-
KaskKnTe, 9TO MPOU3BEIeHNe BCEX 3JIEMEHTOB MPUBEIEHHON CHCTEMBI BEIYETOB 10 MOAYJIIO 1M CpaBHUMO ¢ %1 110 Momym o m, u
YCTaHOBUTE, KAKOIl 3HAK COOTBETCTBYET KarZKIOMY 1.

4. DaiizuTe MOCTEIOBATENIBHOCTD (ay ), onpeensemyio yeaosuamu a; = 1, 14 3 (=1)*/%ag = 0.

dln

5. Jokaxure, 9to ecan ducia m,n € N yIOBIeTBOPAIOT HepaBeHCTBY /7 — m/n >0, To VT — m/n > 1/mn.

6. Da MI0CKOCTH JIeKUT MpaBUJIbHBI BOCBMUYTOJMBHAK cO cTOpoHOil a. Ero paspemaercsa ” nepekarbiBaTh” MO IIOCKOCTH,
HepeBopadnBad (CHMMETPUYHO OTparxkasd) OTHOCHTENBHO JI000H cToponbl. [JlokaKuTe, 9TO mjd oGO TOYKN MIOCKOCTH 1
moboro € > () MOXKHO NMEpeKaTHTh BOCBMHYTOJNBHHK B TaKOe IOJIOXKEHHWEe, YTO IEeHTp ero OyaeT HaXomUThCA OT Toukm M Ha

PacCTOAHWE MEHBIIE &.
n+ 10,n < 100
7. ®yuknua f: N — N sagana dopmymnoit f(n) = ' Daitmure f(2011).
yHKIua f it dbopmy f() {f(f(n—ll)),n)loo. ik f( )
8. Daidigure Bce Takme dbyukumm a) f:Qp = Qp, 6) f: Ry - Ry gro f(x) + f(y) + flzy) = f(e +y) + f(x)f(y) naa
JITOOBIX TTOJIOKUTENBHBIX & U Y.
9. Hana ¢dynkmua f : N x N — N, ve npuanmatoas au onuno 3uaderme 6omee 2003 pas. [lokaikure, 94TO CYIIECTBYIOT

HATypaJbHBIE M U N, 1A KOTOPHIX f(m,n) > mn.

Cepus 8, ¢ 1edabIMu 9acTsIMH U MMOTEHITHAITBHOU HECKOHEIHOCTHIO
1. a) okamnTe, 9T0 NPABUIBHBIN TPEYTOJBHUK HETH3A HAPHUCOBATH Ha KJjeTdaroli Gymare Tak, 9TOOBI €ro BEPIINHBI
HOTAJIN TOYHO B Y3JIBI (BEPIINHBI KJIETOK).



6) HJokaxuTe, 9To Ha KJIeTIaTOH GyMare co cTOpoHO# KaeTkH, paBHOl 1, MOKHO Ipn JI060oM € > 0 HapUCOBAThH MPABMIIHHBIN
TPEYTOJIBHUK, BEPUIMHBI KOTOPOTO HAXOMUIUCH OBl Ha PACCTOAHNAX MEHBINE £ OT TPEX PA3IUIHBIX Y3JI0B.

2. CymecTByeT Jin Takoe 9ucyIo b, 9TO HU AJA KaKOro HaTypajbHoro n 4mcio [h - 19697] we mennrcs ma [h - 19697 1]7

3. Iokaxure, 910 B J1060M OECKOHEYHOM MOAMHOKECTBE HATYPAJBHOTO pANa HallLyTcA IBa ®JIEMEHTA, CYMMa KOTOPBIX
HMeET MPOCTOil JennTesb, OONBITNI MUTITHOHA.

4. JlokaxuTe, 9TO HE CYMIECTBYET TAKUX MOJOKUTEJbHBIX ducesn «, 3 u v, uyro muoxecrsa A = {[oaz];z € N}, B =
{[Bz]; 2 € N} u C = {[yz]; # € N} ne nepecekarorcs, u AUBUC =N.

5. Dyerh a1 < as < ... — DecKoHedYHasd MOCITEAOBATEIBHOCTD MMeabx dncesd. [lokaxkurTe, 9To B Hell cymecTByeT JmbO
OecKOHEYHAA MOANIOCIENOBATEIBHOCTD, JIIOOBIE ABa YJ€HAa KOTOPO He KPATHBI APYT APYTY, JHO0 OeCKOHEYHAsA MOMIOCIENOBA-
TEJIBHOCTD, KaXKIBIH UJIeH KOTOPOil KpaTeH MPEIbIIyIEMY.

6. Mukpokambkyaarop “@H-89” seimomuser Tosibko aBe omeparum: X — 2X — 1 w X — 2X. B MEUKpoOKaJIbKyJIATOD
BBEIEHO HEKOTOPOE HaTypasbHoe dmcnio. [lokaxkuTe, 94To, HaKUMad KHOOKHU, W3 HETO MOYKHO MOJYYUTH TUCJIIO, ABJIATONIEECH
TOYHOH IATOH CTEeleHbIo.

7. DocaenoBaTeIbHOCTD BEMIECTBEHHBIX UHUCEIT a1, dg, d3, ...TAKOBA, YTO IJIA JIOOBIX M W N BBHIIOJHAETCH HEPABEHCTBO
|am + an — am+n| < m;-l—n

8. CyliecTByeT i BO3paCTAIad MOCIEIOBATENBHOCTD HATYPAJIBHBIX YHCEN 61 < @9 < ... TaKad, YTO KAKIOEe HATYPATIb-
HO€E 9HCJIO EIMHCTBEHHBIM OOPAa30M MPEHCTABIIAETCA B BHJE PA3HOCTH ABYX €€ YJIEeHOBT

. ,ZLOK&}KI/ITG, 4TO 3Ta IIOoCJIed0BaTC/JIBHOCTDL — apI/I(i)MeTI/I‘IeCKaH Iporpeccus.

Cepust 9, B KOTOpOH Hy KHa JieMMa XOJ1jIa

1. JokaykuTe, 9TO IHCTO MEPUOAMIECKAA HAPEPHIBHAA APOOL UMeeT 3HAYEHWEM MPUBEIEHHYIO KBAJIPATHIHYIO HPPAIHO-
HaJBHOCTD.

p—1

2. Yucna a u p — Harypaabhble. [lokaxure, uro ecam a?~* =1 (mod p) u a” =

JenuTesid ¢ uncaa p — 1, To p — mpocToe.

Z 1 (mod p) niaa Kaxaoro MPOCTOro

3. B knerkax Tabuuipl n X n paccTaBJIEHBI HEOTPHUIATEIBHBIE YUCJIA TAKUM 0OPA30M, ITO CyMMa 9ucesi B JT060il cTpoke u
sgoboM cTosibie paBHa 1. JlokaykmTe, 9T0 MOXKHO PacCTaBUTDH N He OBIOIMX APYT ApyTa Jaleil B KJIeTKaX ¢ MOJOKUTENbHBIMA
qUCJIAMU.

0 (mod ecJi 'm He HeJInTcd Ha p — 1
4. Dycrs m — HaTypasbHoe 4ncio. Jokaxkure, uto Y. ™ = ( P}, b ’

ey —1 (mod p), ecaim m memmrca Ha p — 1.
zZ0modp

5. SyCTb A — KOHEYHOE MHOXKECTBO HaTypaJIbHBIX 9HUCEJI. ,ZLOK&}KI/ITG, YTO CYHIECTBYET KOHETHOEC MHOZKECTBO HaTYPaJIbHBIX

uncen B C A rakoe, uto [[ z = > 22
rEB rEB
6. Dycre X — KOHEYHOE MHOYKECTBO HaTypasbHBIX udnces u A — ero nogmHoxecTBo. JlokamnTe, 4TO CYIIECTBYET TaKoe

MHOKecTBO B C X, uTo A coBHmajaeT ¢ MHOZKECTBOM 2JIEMEHTOB X , KOTOPHIE JEJIAT HEYeTHOEe KOJMIECTBO 2JIEMEHTOB B.

7. Dyctb A — BecKOHeU HOE MHOKECTBO HEJBIX YUCeN TaKoe, 4To Kaxkaoe a € A ABadeTca MpoWsBedeHnEM He Gojiee gem
1987 mpocThix unces. okaskuTe, 9TO CymecCTBYIOT beCKOHEUHOe MHOKeCTBO B C A m umncyo p Takoe, 9To HanboJIbIIMiL oOITwit
JIeJINTeNh TIOOBIX ABYX Ynces u3 B pasen p.

8. (M.Hlyp). a) Hokaxure, 910 TpH 000K pacKpacke HATyPaJbHOTO pAfa B [Ba IBETa CYUIECTBYIOT TPH PAa3THIHBIX
9yC/Ia OJHOTO IBETA, OJHO M3 KOTOPBIX PABHO CyMME JBYX JIPYTHX.

6) MexayHaponHoe COOBIIECTBO COCTOUT U3 MPeACTaBHTENE] MecTH pasindHbix cTpaH. CIHCOK YIEHOB OBIIeCTBa COCTONT
w3 1978 damunnii, sanyMepoBaHHbIX dncaamu 1, 2, ..., 1978.

IokazkuTe, 9TO CyNIeCTByeT XOTA ObI OOWH 4JIeH obllecTBa, HOMEP KOTOPOTO PaBHAETCA CyMMe HOMEpOB ABYX WJIEHOB W3
€ro CTTpaHbl WM YIBOEHHOMY HOMEPY HEKOTOPOIO 4jleHa W3 ero CTPAaHHL.

9. ®ynknuaA [ ompenesieHa Ha MHOKECTBE BCEX HEOTPHIATEILHBIX MEJIbIX TACE] U TIPUHIMAaeT 3HaYeHNA B 3TOM MHOJKECTBE.
Hoxrazknure, aro paseHcTBo f(f(n)) = n+ 1987 He MoKeT BHIIOTHATHCA A7A Beex n € Ng.

Marematuvieckuii 6o crapiuei rpynnsi, 19 asrycra 2011 r.

1. Daitaure Bce dyuxmun f(z) : R = R rakne, uro f(z + 2y) + f(y + 22) = f(zy) nna mobuix z,y € R.

2. JIBoe WrpaioT B CHEIYIONIYIO UTPY. DepBBIli 3aluchiBAeT Ha AOCKY OTIMIHYIO OoT Hyssa mudpy. Bropol muirer cripasa
ot Hee ele onHy mudpPy. KakKIbM CIEIyIONMM XOIOM HIPOK MOKeT JHOO AOMUCHIBAIOT CIpaBa elle omHy nudpy, aubo
MepecTaBUTh MPOM3BOJIBHBIN HabOD MUdp Tak, ITOOBI MOCIE TEPECTAHOBKY THCJIO YBEIUIHIOCH. BBIUTPBIBAET TOT, KTO TEPBBIM
MOJIYIUT YUCJIO, BOTbliee
17761776 ... 1776 (cTo pas no 1776). KTo BHUTpBIBaeT NpH MpaBUIbHON nrpe?

3. Ky6 c pebpom 10 pazdur na 1000 egmrmareix Kyoukos. 500 m3 Hux — Oesble, a ocTaJibHBIE YepHBIe. JloKaxkuTe, 9TO
cymecTByeT mo Kpalineit Mmepe 100 emUHUYIHBIX KBaIApaToB, KaXKIBI W3 KOTOPHIX sBJseTcs obiiell rpanbio Hesoro Kybuka u
JepHOTO KyOHKa.

4. DycTh p U n — HATYpAJbHBIE YUCIa TaKHe, 9To p — mpoctoe u 1 4 np — Tounsiit kBagpart. [lokaxure, ato n+ 1 — cymma
P TOYHBIX KBAIPATOB.

5. B dbyr6onpHOM TypHHpe NPHHUMAIOT yuacTHe n KoMand (n > b). Kamkmasa koManma urpaeT ¢ KamIo#h W3 oCTAlbHBIX
poBHO omwH MaT4d. KoMmaHIa mojydaeT Tpu o9Ka 3a BBIUTPHIII, 1 04Ko 3a HUYbIo U () 3a TopakeHne. Docje TYPHUPa HEKOTOPhIE
KOMAaHIBl MOTYT OBITH JUCKBAJUPUITHPOBAHBI, & PE3YJIbTATH BCEX WX WTP — OTMEHEHBI. DOCIe 3TOT0 Pe3yIbTaThl OCTABIINXC S
KOMAaHJI IEPECUUTHIBAIOTCS U ONpefesseTcs HOBBI mobeauTesib — KoMaH1a, HabpaBiiasa HoJbIile 0YKOB, 9eM JTobasd Apyras u3
ocrapumxcsa komann. (Eciau #e guckBaandnnnpopana poBHO OJHA KOMaHIa, TO MODEINTEIEM CTAHOBHTCA OHA. )

Ayers fi(T) (i =1,...,n) — HAaHMeHBIIIee KOTMIECTBO KOMAHI, KOTOPblE HYKHO TNCKBAINMHUIMPOBATh B TypHEpe T’ miis
Toro, 4Tobwl mobeaureseM okasanack i-a Komauna. DomoxuM f(T) = f1(T)+ ...+ fo(T).



Daltnure HauboJblilee U HauMeHbIIee BO3MOXKHDBIE 3HaAYCHUA f(T)

6. Da orpeske [1;v/2] BHIGpaHbI TOUKH T1, L, ..., &, (n > 2). JToKaxuTe HEPABEHCTBO
Vri—1 /23 —1 Ve —1 2
+ b4 YT VS,
9 s sl 2

7. YaccMOTpUM OPTOTOHAJbHBIE TTpoekiun Bepiud A, B u (' Tpeyrombanka ABC Ha OHCCEKTPUCH BHENTHUX YIJIOB MPH
BepmuHax C'; A u B coorBercrBento. [lokaxkure, 9To ecau d — quaMeTp OMUCAHHON OKPYKHOCTH TPEYTOIBHUKA, 0OPA30BAHHOTO
OCHOBAHUAMU 3TUX MPOEKITHiT, a 7 U p — paguyC BIUCAHHON OKPYZKHOCTH U TOJIyIepuMeTp TpeyroabHuka ABC' cooTBeTCTBEHHO,
To r? + p? = d2.

8. Da MI0CKOCTH JaHbl MATH TOYEK TaKWe, 9TO KazK bl w3 10 TpeyroJbHUKOB ¢ BEPIUIMHAMHA B 3TUX TOYKAX UMEET ILIIOIIATE
6osbiie 2. JlokaxkwuTe, 9T0 Cpelyu HUX €CTh TPEYTOJBHUK MIONaan, 6osbiieil 3.

9. HokaxkwuTe, 9T0 IJid KaXKIOTO HATYPAJBHOTO 1 CYHIECTBYET MHOTOUYJIEH P CTENEHN He BHINIE N C MEeJIbIMU Koahduiinen-
TaMu, Takofi, uro P(x) menmrca Ha 27 mid KaikKZOTO MEJOrOo YeTHOTO &, M NMEET OCTaToK | mpW meseHnn Ha 27 niid KaikIoro
MEJIOTO HEYETHOTO .

10. Hna gersipex Touek A, B, C' m D B mpocTpaHcTBe BhIoNHAIOTCA paBenctBa: LABC = LADC, /BAD = ZBCD.
Hoxaxure, uto AB =CDu BC' = AD.

Cepusa 10: memuoro npousBoasmmx QYHKIIUN U ITpovdee, 10 MEJTOIn
Beenem B paccMoTpenmne ciefyioline (popMasibHble CTENEeHHBEe DAABL (JI€Bble YacTW PABEHCTB HYKHO MOHHMATh Kak

dbopmanbhbie obosHauenna): (1 + )% = 14 fz + a(ozél_l)xz + a(a_lg))!(a_z)x?’ + .5 e =14 %x + %xz + %x?’ + ..
ln(l—i—x):x—%xz—l—%x?’—%x‘l—l—...; sinx:x—%x?’—i—%x‘r’—...; cosx:l—%xz—l—%x‘l—....
1. JlokaxuTe cieyionme cooTHOUEHs A1s hOpMaTbHBX cTemenubx panos: a) (1 + z)*(1 + z)? = (1 4+ z)**7; 6)

e®e=® =1; ) sin®x 4 cos” x = 1; 1) exp(In(l + z)) = 1 + =.

2. Jlokaxure, 410

a) 060i popMabHBI cTeneHHoll pan Buma 1 + a1x + as 22+ azx® + ... obpaTIM;

6) ecnin ero KOs OUIIEHTHI — Teble, TO OOPATHBIN K HEMY TaKkKe MMeeT IeJible KoabHIneHTH.

3. (Dfisep) DaccMoTpUM pasbueHna HATYPaJIbHOTO N Ha HATYPaJbHBIE cjaracMble (pasOueHu:, OTINIAIONIMECH TOPATKOM,
MBI Oy IeM CIUTATh OMWHAKOBBIMI; TaK, y uncia 4 ectsb 5 pasbuennii: 4 = 34+1=242=2+1+1=1414141). Jokaxure, aro
qucIIo crocoboB pazbuenua N Ha He OoJiee YeM M CJIAra€MBIX PABHO GHCIY CIOCObOB pasbuenus N + M”;—-Hl Ha M HEPABHBIX
qacTeil.

a’4b2
ab+1

4. DycTh @ u b — Meble MOJTOKNATENbHEE THNCIa TaKde, ITo a 4+ b2 memmted Ha ab+ 1 6es octatka. ToKaxuTe, UTO
— KBaJpaT IeJIOTO YUCIA.

5. a) Diockuii ex — 310 HUTYPa, cOCTABIEHHAA W3 KBaApaTa W IIECTH IPUKJICEHHBIX K HEMY (IO CTOPOHAM) KBaJpaToB
TOTO JKe pasMepa.

DaszbeiiTe MIOCKOCTH Ha MJIOCKAE €K,

6) DpocTpaHCTBEHHBI €K — 9T0 Qurypa, cocTaBiaeHHad W3 Kyba 1 MeCTH IPUKJIEEHHBNX K HEMY (B TOYHOCTH 1O TDAHAM)
KyOOB TOTO Ke pasMepa. DazbeiiTe MPoCTPaHCTBO Ha MPOCTPAHCTBEHHBIE €7KH.

6. (Jleber) JlokaxkuTe, 4To ypaBHeHue &2

7. Da ogHOKpPYTOBOIl IaXMaTHBII TYpPHUpP NpHeXaso n IMaxMaTHCTOB W3 CTpaHBl A W n IMaxMaTHCTOB W3 CTpaHbl B.

— y3 = 7 He mMeeT pemeHH]‘/’[ B HATYPaJIbHBIX 9UCJIAX T W Y.

Orkasanock, 9To Kak OBl HH pasbUTh MIAXMATHCTOB HA Haphl (ITOOBI APYT ¢ APYTOM HIPAIN MAXMATHCTHl PAa3HBIX CTDaH),
HaiigeTcsa xoTA ObI OMHA Iapa IaXMaTHCTOB, KOTOPHIE YiKe BCTpedaluch paHee IpyT ¢ ApyroM. [lokazmnTe, 9To0 MOKHO BHIGpaTh
@ MaxMaTUCTOB W3 CTpaHbl A W b MaxMaTCTOB W3 cTpaHbl B Tak, 9T0 KarkIblii 3 BHIOPAHHBIX ¢ IIAXMAaTHCTOB BCTPEYAJICH C
KasKIBIM U3 BRIOpAHHBIX b IIaXMAaTHCTOB, a a + b > n.

8. (Teopema J.Kennra) JJokamxuTe, 970 €CIH HPAMOYTOIbHAL MATPUIA COCTABIEHA U3 HYJIeH U IUHNI, TO MIHIMAJIBHOE
qUCIIO JUHUA (CTPOK ¥ CTOJONOB), KOTOPBIE COMEPIKAT BCe eTUHHIB, PABHO MaKCHMAJIBLHOMY YHCIY EIHHUIL, KOTOPHIE MOTYT
OBITH BHIOPAHBI TaK, 9TOOBI HAKAKNE JBe W3 HUX He JIeKAJ W Ha OJHON M TOll Ke JIMHWN.

9. Daifimure Bce dbyHkuNN f Takme, UTO AJA JOOBIX YHCEN &, Y BHITOIHEHO paBeHcTBO f(2 + y) = f(x) cosy + f(y) cos x.

Cepust 11. AaroputMm @opna-PajlKepcoHa U BCE TaKoe Mpodee.

Onpenenenne. Cemb — OpHEHTHPOBAHHEBIN Ipad ¢ ABYMA OTMEUEHHBIMI BEPIIHHAME: 620JoM (B KOTODHI HE BEIET HU
ofiHO pebpo) U 6urodom (M3 KOTOPOTO HE OTHO Pebpo HE BBIXOINT).

DoToK Ha ceTn — 370 byHKINA Ha pebpax rpada, npuHEMaroad (B mpocreiitiem ciayvae) snadenns 0 u | w yaoBiaeTBops-
OIIasA CJAEAYIOMEMY YCJIOBHIO: IJIA KakIOH MPOMeKyTOUHOM (T.e. OTIIMIHON OT BXOAA M BBIXOIA) BEPIIMHBI CyMMa 3HAUeHHH
MOTOKA 1O BceM pebpaM, BXOAAIIAM B 9Ty BEPIINHY, paBHA CYMMe 3HAYEHUI MO BCEM BBIXOMAIINM W3 Hee pebpam.

DoTok co 3HaueHnAME 0 W | MOJKHO TPEACTABIATH cebe MPOCTO Kak MHOMKECTBO pebep, OTMEUEHHBIX eIUHUENR (HX MBI
GyIeM HasBIBATh HACHUEHHOMU Jyeamu, a OCTaIbHBIE pebpa — c60600HbMMU).

Beauwuna nomoxa — »To cymMMma 3HaUEHHR TOTOKA MO BCeM pebpaM, BBIXOMAIINM U3 BXOIA.

1. a) JTokaskuTe, 9TO BEJMINHA MOTOKA PaBHA CyMMe 3HAYEHUH MOTOKA MO BCeM pebpaM, BXOIAIINM B BBIXOI,.

DyCcTh Temephb Yepes ceTh MPOIMYIeH HEKOTOPHIA MOTOK. D PUMEHUM K HEMY cJenyiomunii aszopumm Popda-Pankepcona:

DOMETHM IJIIOCOM BCE BEPIIUHBI, B KOTOPHIE MOXKHO HOMACTh W3 BXOIa MO CBOOOMHBIM pebpam. 3aTeM OT KakIOh yxe
HoMedeHHOH (MIIOCOM WM MUHYCOM) BEPIIMHBI OyIeM MoMedaTh IJIIOCOM Te BEDIIWHBI, B KOTOPBIE W3 Hee MOYKHO MOTACTH
0 CBOGOIHBIM pebpaM, I MHHYCOM — BCE Te BEPIIMHBI, KyIa W3 Hee MOKHO BEPHYTHCA (B HAIPABJIEHNH, MPOTHBOMOIOKHOM



CTpesIKe) MO HACBIEHHBIM AyTaM. D PH 9TOM, BOSMOMKHO, HEKOTODBIE BEDIIMHBI OYAYT MOMEYEHBI M ILJIIOCOM, W MHHYCOM.
DOMETHM 3THM CIOCOOOM BCE BO3MOZKHBIE BEPITAHBI.

6) HokaznTe, 9TO €CJIM BHIXOM OKa3asCH MOMEYEHHBIM, TO MOTOK MOYKHO YBEINYHTE (T.€. MPOMYCTHTH 4epes3 CeTh MOTOK
GosTbIieilt BEIMYINHBI).

B) HoKaxunTe, IT0 €CIIM BBIXOJ OKa3asCH HEOMETEHHBIM, TO MOTOK MaKCHMAJIEH.

2. Kpagpar nByms crocobamu pazouT Ha 100 paBHOBEJMKHX NMPAMOYTOJBHUKOB. [loKaykuTe, 9TO B HEM MOZKHO OTMETHUTH
100 To4ek Tak, 9TO B KaiKJAOM W3 NPAMOYTOJLHMKOB 000MX pasbmeHuii OyaeT JieskaTh POBHO OJHA TOYKA.

3. Dasbuenume n = a; +as + ...+ a5, a1 = az = ... > a5, HA30BEM CUMMETDHYHBIM, ecJiM st Jioboro k < s 4ucio
BXOAANIMX B HETO CJaraeMblX, He MeHbHIHX k, paBHO aj. JlOKasKWTe, 9TO YHCJO CHMMETPHYHBIX pasOMeHmWil umcia n paBHO
9NCHTy ero pasbmeHuii Ha pasjndHble HEUETHBIE CTaracMble.

4. a) DocIenoBaTENBHOCTD EIBIX INCeN (dy) YAOBIETBOPAET YCAOBHIO Uy ta = kany1+lan, n > 0, rue k, | — nesbre dncia.
WsBecTHO, 9TO B 3TOI MOCEI0BATEILHOCTH GECKOHEYHOE KOJIMIEeCTBO 9Hces, mendmmuxca Ha d. JlokakuTe, 94To, HauMHAA C
HEKOTOPOTO 7, TH 9HCJIa BCTPEIAOTCA B MOCAEIOBATELHOCTH 9€PE3 PABHBIE TIPOMEKYTK.

6) Haubl MHOTOUIEHHBI ¢ AeficTBuTeNbHBIME Koaddurnentamu R(x), S(z), T(x). DocienoBarebHOCTE MHOTOWIEHOB C
neficTBUTENbHBIME Koaddutmentamu P;(z), ¢ € N, ynosmerBopser coorHomennam Piyq(z) = R(x)Py1(x) + S(x)P;(x) npn
i > 1. NsBecTHO, 9T0 B TOl MOCIEIOBATENBHOCTH HECKOHEUHOE KOJMIECTBO MHOTOUIEHOB, nesanmxes Ha T'(x). Hokaxwure,
YTO, HaYMHAA C HEKOTOPOTO 1, T MHOTOYJIEHBI BCTPEYaloTCA B MOCEI0BATETFHOCTH Yepe3 PaBHBIE TIPOMEKYTKH.

5. Jnsa warypaibHbix n u k, n > k, obosHadum PM) xommuecrso pasbuennmii uncia n Ha k HaTypaJbHBIX CJIaracMBIX.
DazOMennA, KOTOphle OTJIMYAOTCA TOJBKO MOPAIKOM CJIaraeMBIX, CIATaeM OJWHAKOBBIME. O alpuMep, Pf) = 2, HOCKOIBKY
4=143u4=2+2. [oxaxnre, 4To Ojd n > 2k P,S’“) = Prgk__ll) + Prgk_)k.

6. Dom pasbuennem 7 meJoro n > 1 MBI MOHUMAaeM IIPEICTABICHUE N KaK CYMMBI OJHOIO UJTH HECKOJIBKUX HATYPAIbHBIX
9HCces, B KOTOPOH cyiaraeMble WAyT B HeyOBIBaoleM mopsaAnke. (Dampumep, ecanm n = 4, To pasbuenusa cyts | + 14+ 14+ 1,
14142 143,24+ 2wu4d) Hua kaxgoro pasduenna m onpeaeanM A(7m) Kak KOJHIECTBO €IWHNI, MPUCYTCTBYIONINX B T, 1
B(7) KaK KOJIMYIECTBO PasIMYHBIX UNCET, IPUCYTCTBYONMX B 7. (Dampumep, ecom n = 13 u © — pasbuenwe 14142424245,
To A(m) =2 u B(r) = 3). Horaxkure, 970 Ay JI0OOTO JaHHOTO N cyMMa A(7) 1Mo BceM pasbHeHnAM T 9rucyia N1 paBHA CyMMe
B(7) no BceMm pasbueHuAM T IHCTA N.

7. HokaxKuTe, 4To IpH HATypaJbHOM n U mpoctoM p CF = {%} (mod p). Hokaxkure TakikKe, 9T0 ecau [n/p] uMeer

nenurens p°, To CF nenntcs Ha p°.

8. DecKoNbKO TOYEK HA IJIOCKOCTH PACIOJIOKEHB TaK, 9TO PACCTOAHNE MEKY JIIOOBIMHU ABYM:A U3 HuUX Oosbiie 2. Jloka-
3aTh, 9TO JOOOE MHOZKECTBO IJIOMAIN MEHBIIE T MOXKHO MapaJlJIeTbHO MEPEHECTH HA BEKTOP JJIMHBI MeHbIne | Tak, 9TOOBI OHO
He COIEepPIKajo HU OMHON M3 TOYEK.

9. DocenoBarTeIbHOCTD MEMBIX dnced {an}, n > 1, onpenenena yciaosueMm y . ag = 2". [okamute, 9To mad Joboro
HATYPAJBHOTO N UUCIIO dy HEJIUTCA HA N. i

Cepust 12: Bcero moHeMHOXKKY

1. Kaxux umcen 6oJblle cpean HaTypaJbHEX dncert oT 1 mo 1000000: mpeacTaBuMbIX B Bufe 222 — 3y? WM IpeacTaBUMEIX
B Buge 10zy — 2 — y? ¢ mempivm x 1 y?

2. DycTh JaHa TPAHCHOPTHAA CETh. DACCMOTPHM MPOW3BOIBHOE MHOKECTBO MPOMEKYTOUHBIX BepinH A (T.e. HE comep-
JKalllie HU BXO/A, HU BBIXOIA).

Pponycknaa enocobrocmsy ¢(A) MHOKecTBa A — 1uncsio pebep, Bxogamux B A (T.e. ¢ KoHnoM B A n HauasoMm BHe A).

Poanas nompebrnocmy d(A) MmHOKecTBa A — ancsio pebep, Bemylnx u3 A TpAMO B BBIXOI.

HokaxuTte CIEAYIOMYD meopemy I'alaa 0 Hacwweruu:

JIJts TOTO 9TO0BI CYIIECTBOBAJ MOTOK, HACHIIAIONINI Bce BHIXOIHbBIE AYTH (T.€. TaKol, 3HAUEHNA KOTOPOTO Ha BCex pebpax,
BEIYIINX B BHIXOM, PaBHBI 1), HEOOXOONMO W JIOCTATOYHO, ITOOBI [ JTIOGOr0 MHOMKECTBA MTPOMEKYTOUHBIX BepmimH A ero
HOJTHAA TTOTPEGHOCTE HE MPEBOCXOIMIIA MPOIYCcKHOi criocobrocTn: d(A) < e(A4).

3. Paspes cetu — »T0 1060 MHOYKECTBO €€ BEPIIWH, COMEPIKAIIee BHIXOM, HO HE colepzKaliiee BXoma. P ponycknaa cnocob-
Hocmb paspesa B — qucio ¢(B) oyr, BXoaAmux B B.

a) JJokazKnTe, 970 BEJTHIHHA JITOOOTO TIOTOKA { He MPEBOCXOINT MPOIYCKHON crocobHOCTH JTIo6oTo paspesa B: |p| < ¢(B).

Murumaavroiti pazpe3 — 3T0 paspes ¢ HANMEHBIIEH TPONYCKHON CIOCOOHOCTBIO CPENN BCEX PA3PE3OB.

Maxcumanvryidi nomox — ToO MOTOK MAKCUMAJIBHON BEJTMINHH.

6) (Teopema ®opra-Pankepcona) JokaxunTe, 9To NPONYCKHAA CHOCOOHOCTH MIHIMAIBHOTO Pa3pe3a PaBHA BEJTHINHE MaK-
CHMAJIBHOTO TIOTOKA.

4. a) Daccmorpum dynkuuio f(z,y) = z? + zy + y?. Hokaxure, 4to ajs moboit Toukn (r,y) HaliayTcs Takue Hesbie
ancyia (m,n), aro f(r —m,y—n) = (x —m)? + (x —m)(y —n) + (y —n)? < 1/2.

6) OBosnraumm wepes f(r,y) HamMeHbllee W3 wucea f(x — m,y — n) OPH BeeX MeNBIX m W n. YTBepikKjeHWe 3aJaqn a)
COCTOATIO B TOM, 9TO /A BCEX MeJBIX ¥ W Y BHIIOIHEHO HepabeHCTBO f(z,y) < 1/2.

JlokakuTe, 9TO Ha CAMOM Jiesle BepHO bojiee cHiIbHOe HepaBeHCTBO f(x,y) < 1/3. Daiimmre Bce TOUKH, /A KOTOPHIX
mocTuraeTcs HepasencTro f(x,y) = 1/3.

5. HokaxwuTe, 9T0 KakKI0€ MEJOE MOJOKATETBHOE YNCIO MOKHO IPEACTABUTE B BUIE CYMMBI PA3JIMIHBIX MEJBIX OO~
TETBHBIX CJTATAEMBIX CTOJNBKAMH K€ CIocobaMi, CKOJBKIMHI €r0 MOYKHO MPEICTABATH B BIIE CYMMBI HEUETHBIX (OBITH MOKET,
U COBTATAOIINX) CJIATAEMBIX.

6. [HokamuTe, 9TO



a OKa}KI/ITe ato ecim O mesmres ma pf (n > 2 — marypasbHOe wmcs0, p — mpoctoe), To pF < 2n;
6) n <><(J2 < (2n)7Cn);

) 2\/— < C2n < 4" npm nobom HaTypaJIbHOM n > 2;

)

=

— 1.

r) (9./1.YHebbimres, 1850) 7(x) > a— UpH BCeX HATYpPaIbHLIX & JJIA HEKOTOPOIO IOJIOKHUTEILHOIO ¢, HAIIPUMED, ¢ = ;

7. Hokaxure, 9T0 Ha KjieT9aToli Oymare co cTOPOHO KiieTKH, paBHOH 1, MokKHO nipu sitoboM € > () HapucoBaTh TPABUIBHBIH
17-yrosabHUK, BEPUIUHBI KOTOPOTO HAXOAMWJINCH OBl Ha PACCTOAHUAX MEHBINE € OT TPEX PAa3TMIHBIX y3JI0B.

8. IlokazKuTe, 4TO leJible HeOTpHIATEIbHBIE YUCIA 2, Y YIOBJIETBOPAIOT ypaBHeHuio 2 — may + y*> = 1 (e m — nanHoe

Hesioe 9uciIo, Gosblllee eINHNIBI) TOTAA U TOJBKO TOT/AA, KOTHA & M Y — COCETHUE UIEeHBl MOCAeIoBaTeNbHOCTH ¢y = 0, ¢ =

Ligs=m,p3=m?— 1,4 =m> —2m, s =m* —3m? +1,..., B KOTOPOIl P41 = MPr — Pr_1 A7 Beex k > 1.

akaounTeIbHAsE oJinMnMana, 25 asrycra 2011 r.

1. B xnerkax tabaunst 11 x 11 paccraBiaeHb Bce HaTypaJsbHbe dncaa oT 1 mo 121. Iuma mocumTal TponsBegeHne Tuce
B Kaxkoll crpoke, a Calra — TpoW3BeNeHNe 9nCes B KaXKIoM cTosbie. Morym Jin oHE TMOMyYuTh ONMHAKOBBIE Habophsl u3 11
qucesn’?

2. Daiinure Bce pynkmun f(x), 3aJaHHBE W HEIPEPHIBHBIE HA BCell BENIECTBEHHON MPAMOI, /1A KOTOPHIX HPH JIIOOOM &
BHITIOTHATOTCA HepaBencTBa (32 —2) < f(x) < f(22 — 1).

3. B gerripexyromsauke ABC'D cropourst AB u C'D pasuwbi, ZA = 150°, LB = 44°, ZC' = 72°. Cepenuuusiil nepienm-
Kynap K orpesky AD mepecekaer cropony BC B Touke P. Daiiqure LAPD.

4. Ya mmockoctu nposesn 100 mpAMBIX, HUKaKHe JIBe W3 KOTODPHIX HE MapaslieJIbHbBI U HUKAKHE TPH HE MEPECEKATCA B
OIHOH TOYKe, U OTMETHUJIN BCE TOYKHU MX MEPECEUEHUA. DOCIe ITOTO BCe MPAMBIE U kK OTMEYEHHBIX TOYEK CTEPIH. JPH KAKOM
HanbOBIIEM & O OCTABIINMCHA TOYKAM MEPECEUEHIA 3aBEIOMO MOKHO BOCCTAHOBUTH MCXOIHBIE MPAMBIET

5. CyllecTBYIOT Jin TaKWe KBaJpaTHble Tpexwiensl P, (), R, 910 0 Jo0kX MEJbX & U Y HAlIeTcd Mesioe z, YIOBIETBO-
psatotee paseHctBy P(z) 4+ Q(y) = R(2)7

6. B kimeTkax MOCKEW n X n pacCTaBJIEHBI HYJIW W eNWHUIE. Bo Bcex KaeTKax JIEBOTO CTONONA CTOAT €NWHUIIB, U B KayKIOH
durypke Buma EE‘ (cocTosiell M3 KIETKH U ee cocenieii cileBa W CHM3Y) cyMMa 9uces deTHa. [JoKasKkumTe, 9TO B TabJIHIE HET
JIBYX OJIMHAKOBBIX CTPOK.

1+ab 1+be l+ecd 1+da
7. DpousBeneHne MOMOKUTENBHBIX duces a, b, ¢ u d pasuo 1. Ilokaxwute, 910 e T T i T 15d 2 4.
8. B ropome N. cyliecTByeT MHOKECTBO ONMO3HIIMOHHBIX ODIIECTB, KakAoe U3 KOTophiXx coctonT w3 10 wmenoB. UsBecTHO,
aTo agst aiobbix 2004 obuiecTB HalimeTcs degoBek, cocToAmmii xoTa 661 B 11 w3 Hux. [loKaxXuTe, 9TO MPaBUTEILCTBO MOKET

apectoBarh 2003 deoBeka Tak, ITOOBI B KazXKIOM OOIMECTBE XOTA OBl OTUH WJIeH OBLT apecTOBAH.



